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♣r♦❜❧❡♠s ❧✐❡ ✐♥ t❤❡ r❡❧❛t✐✈❡ s❤♦rt ♣❡r✐♦❞ ♦❢ ❞❛t❛ ❛✈❛✐❧❛❜✐❧✐t② ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧♦t ♦❢
♠✐ss✐♥❣ ✈❛❧✉❡s✳ ❲❤✐❧❡ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✬s ❢♦❝✉s ✐s ♠❛✐♥❧② ♦♥ s♣❡❝✐✜❝ ❝♦✉♥tr②✱ ✇❡ ✇♦✉❧❞
❧✐❦❡ t♦ ❝♦♥s✐❞❡r ❛♥ ❡st✐♠❛t✐♦♥ ❢r❛♠❡✇♦r❦ t❤❛t ❛❧❧♦✇s ✉s t♦ ❛♥❛❧②s❡ t❤❡ ❝♦✲♠♦✈❡♠❡♥t ♦❢
✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥ ❢♦r ♠✉❧t✐♣❧❡ ❝♦✉♥tr✐❡s✱ ❛♥❞ ❛❧s♦ ♣r♦✈✐❞❡ t❤❡ ❝♦✉♥tr② s♣❡❝✐✜❝ ❡st✐♠❛t❡s
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Lehman Brothers
Bankruptcy
Sept 15, 2008
❋✐❣✉r❡ ✶✿ ❇❊■❘ ❢♦r ✜✈❡ ✐♥❞✉str✐❛❧✐③❡❞ ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s ✲ ❯✳❑✳✭r❡❞ ❞♦tt❡❞ ❧✐♥❡✮✱
●❡r♠❛♥②✭❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡✮✱ ❋r❛♥❝❡✭❜❧❛❝❦ ❧✐♥❡✮✱ ■t❛❧②✭♦r❛♥❣❡ ❞♦t✲❞❛s❤❡❞ ❧✐♥❡✮ ❛♥❞ ❙✇❡✲
❞❡♥✭❣r❡② ❧✐♥❡✮✳
▼❚❙❴❇❊■❘
♦❢ ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥✭■❊✮ ❛♥❞ t❤❡ ✐♥✢❛t✐♦♥ r✐s❦ ♣r❡♠✐✉♠ ✭■❘P✮✳
❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ ♦✉r r❡s❡❛r❝❤ ✐s t♦ ❛♥❛❧②s❡ t❤❡ ❜r❡❛❦✲❡✈❡♥ ✐♥✢❛t✐♦♥ r❛t❡ ✭❇❊■❘✮✱
✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❜❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ②✐❡❧❞ ♦♥ ❛ ♥♦♠✐♥❛❧ ✜①❡❞✲r❛t❡ ❜♦♥❞ ❛♥❞
t❤❡ r❡❛❧ ②✐❡❧❞ ♦♥ ❛♥ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ❜♦♥❞ ♦❢ s✐♠✐❧❛r ♠❛t✉r✐t② ❛♥❞ ❝r❡❞✐t q✉❛❧✐t②✳ ❚❤❡
❇❊■❘ ❝❛♥ ❣❡♥❡r❛❧❧② ✐♥❞✐❝❛t❡ ❤♦✇ t❤❡ ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥s ❛r❡ ♣r✐❝❡❞ ✐♥t♦ t❤❡ ♠❛r❦❡t✳
❍♦✇❡✈❡r t❤❡② ❛r❡ ♥♦t ❛ ♣❡r❢❡❝t ♠❡❛s✉r❡ ❢♦r ■❊s✱ ❛s t❤❡② ♠❛② ❛❧s♦ ❡♥❝♦♠♣❛ss ✐♥✢❛t✐♦♥
r✐s❦ ♣r❡♠✐✉♠✱ ❧✐q✉✐❞✐t② ♣r❡♠✐✉♠ ❛♥❞ ✧t❡❝❤♥✐❝❛❧✧ ♠❛r❦❡t ❢❛❝t♦rs✳ ❲❡ s❤♦✇ t❤❡ ❇❊■❘ ❢♦r
✜✈❡ ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s ✲ ❯✳❑✳✱ ●❡r♠❛♥②✱ ❋r❛♥❝❡✱ ■t❛❧② ❛♥❞ ❙✇❡❞❡♥ ✐♥ ❋✐❣✉r❡ ✶✱ ✇❤✐❝❤
❡①❤✐❜✐ts s♦♠❡ ❞❡❣r❡❡ ♦❢ ❝♦✲♠♦✈❡♠❡♥t✳ ❚❤✐s ❢❛❝✐❧✐t❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ st✉❞② ✐♥ ❛ ♠✉❧t✐♣❧❡
❝♦✉♥tr② ❢r❛♠❡✇♦r❦✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❡✉r♦✲③♦♥❡ ❛♥♥✉❛❧ ✐♥✢❛t✐♦♥ r❛t❡ ✇❛s r❡❝♦r❞❡❞ ❛t
✲✵✳✷ ♣❡r❝❡♥t ✐♥ ❉❡❝❡♠❜❡r ♦❢ ✷✵✶✹ ✇❤✐❝❤ ♠❛t❝❤❡s✱ ❜✉t ❛r❡ s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ ♦✈❡r❛❧❧
❇❊■❘ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❆ ❢❛❧❧ ✐♥ ❝♦♥s✉♠❡r ♣r✐❝❡s ✜rst ♦♥❧② ❛♣♣❡❛rs s✐♥❝❡ ❙❡♣t❡♠❜❡r
✷✵✵✾ ❞✉❡ t♦ ❛ ❞r♦♣ ✐♥ ❡♥❡r❣② ❝♦sts✳ ❚❤✐s ♠♦t✐✈❛t❡s ✉s t♦ ❡①tr❛❝t ❛ ❥♦✐♥t t✐♠❡✲✈❛r②✐♥❣
str✉❝t✉r❡ ♦❢ ■❊s ❡st✐♠❛t❡❞ ❢r♦♠ ✐♥❞✐✈✐❞✉❛❧ ✭❝♦✉♥tr②✲s♣❡❝✐✜❝✮ ❇❊■❘✳
✸
❚❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ❇❊■❘ r❡q✉✐r❡s ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❥♦✐♥t ❞②♥❛♠✐❝s ♦❢ t❤❡ ♥♦♠✐♥❛❧ ❛♥❞ t❤❡
r❡❛❧ ②✐❡❧❞s✳ ❋♦r ✐♥st❛♥❝❡✱ ❍är❞❧❡ ❛♥❞ ▼❛❥❡r ✭✷✵✶✹✮ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ②✐❡❧❞ ❝✉r✈❡s ✉s✐♥❣
❛ ❉②♥❛♠✐❝ ❙❡♠✐♣❛r❛♠❡tr✐❝ ❋❛❝t♦r ▼♦❞❡❧ ✭❉❙❋▼✮✳ ❚♦ ❛❞♦♣t ❛ r❡❛❧ t✐♠❡ ❛♣♣r♦❛❝❤ t♦
❤❡❧♣ ❛❝❝❡ss t❤❡ t❡r♠ str✉❝t✉r❡ ♦❢ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ②✐❡❧❞s✱ ✐♥ t❤✐s st✉❞② ✇❡
❝♦♥s✐❞❡r ❛ t❤r❡❡✲❢❛❝t♦r t❡r♠ str✉❝t✉r❡ ♠♦❞❡❧ ♦r✐❣✐♥❛❧❧② ❢r♦♠ ◆❡❧s♦♥ ❛♥❞ ❙✐❡❣❡❧ ✭✶✾✽✼✮✳
❚❤❡ ❛ttr❛❝t✐✈❡♥❡ss ♦❢ ❢❛❝t♦r ♠♦❞❡❧s ♦❢ t❤❡ ◆❡❧s♦♥✲❙✐❡❣❡❧ t②♣❡ ✐s ❞✉❡ t♦ ✐ts ❝♦♥✈❡♥✐❡♥t
❧✐♥❡❛r ❢✉♥❝t✐♦♥s ❛♥❞ ❣♦♦❞ ❡♠♣✐r✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡✳ ❉✐❡❜♦❧❞ ❛♥❞ ▲✐ ✭✷✵✵✻✮ ❡①t❡♥❞ t❤❡
♦r✐❣✐♥❛❧ ◆❡❧s♦♥✲❙✐❡❣❡❧ ♠♦❞❡❧ t♦ ❛ ❞②♥❛♠✐❝ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡♦r❡t✐❝❛❧❧②✱ t❤❡ ◆❡❧s♦♥✲❙✐❡❣❡❧
✭◆❙✮ ♠♦❞❡❧ ❞♦❡s ♥♦t ❡♥s✉r❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛r❜✐tr❛❣❡ ♦♣♣♦rt✉♥✐t✐❡s✱ ❛s s❤♦✇♥ ❜② ❇❥♦r❦ ❛♥❞
❈❤r✐st❡♥s❡♥ ✭✶✾✾✾✮✳ ❈❤r✐st❡♥s❡♥ ❡t ❛❧✳ ✭✷✵✶✶✮ ❢✉rt❤❡r ❞❡✈❡❧♦♣ t❤❡ ◆❙ ♠♦❞❡❧ t♦ ❛♥ ❆❋◆❙
♠♦❞❡❧ ❜② ✐♠♣♦s✐♥❣ t❤❡ ❛r❜✐tr❛❣❡✲❢r❡❡ ❤②♣♦t❤❡s✐s✱ ✇❤✐❝❤ r❡✢❡❝ts ♠♦st ♦❢ t❤❡ r❡❛❧ ❛❝t✐✈✐t✐❡s
♦❢ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳ ❲✐t❤ ❛r❜✐tr❛❣❡✲❢r❡❡ ♣r✐❝✐♥❣✱ ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s ❛♣♣❧② ❛r❜✐tr❛❣❡
❝♦♥❞✐t✐♦♥s t♦ ♣r✐❝❡s t❤❛t ❛r❡ ♦❜s❡r✈❛❜❧❡ ✐♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ♦t❤❡r
♣r✐❝❡s t❤❛t ❛r❡ ♥♦t✳ ❚❤❡ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤❡s ❢♦r ♣r✐❝✐♥❣ ❢♦r✇❛r❞s✱ s✇❛♣s ❛r❡ ❛❧❧ ❞❡r✐✈❡❞
❢r♦♠ s✉❝❤ ❛r❜✐tr❛❣❡ ❛r❣✉♠❡♥ts ❢♦r ❜♦t❤ ❝♦♠♣❧❡t❡ ❛♥❞ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts✳ ■♥ ♦✉r ♣❛♣❡r✱
✇❡ ✇✐❧❧ ✉s❡ ❛♥ ❆❋◆❙ ♠♦❞❡❧ ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♥♦♠✐♥❛❧ ❛♥❞ t❤❡ r❡❛❧ ②✐❡❧❞ r❡s♣❡❝t✐✈❡❧②✱
❛♥❞ ❝♦♠❜✐♥❡ t❤❡ t✇♦ ♠♦❞❡❧s ❧❛t❡r ♦♥✳
❇❛s❡❞ ♦♥ t❤❡ ❥♦✐♥t ❞②♥❛♠✐❝s ♦❢ t❤❡ ♥♦♠✐♥❛❧ ❛♥❞ t❤❡ r❡❛❧ ②✐❡❧❞s✱ ❛ s✐③❛❜❧❡ ❛♠♦✉♥t ♦❢
❧✐t❡r❛t✉r❡ ❤❛s ❛♥❛❧②s❡❞ ❤♦✇ t♦ ✐s♦❧❛t❡ ■❊ ❛♥❞ ■❘P ❢r♦♠ ❇❊■❘✳ ❊❛r❧✐❡r ✇♦r❦ ♠❛✐♥❧② ❢♦❝✉s❡s
♦♥ ❯✳❑✳ ❞❛t❛ ❜❡❝❛✉s❡ t❤❡ ❯✳❑✳ ✇❛s ♦♥❡ ♦❢ t❤❡ ✜rst ❞❡✈❡❧♦♣❡❞ ❡❝♦♥♦♠✐❡s t♦ ✐ss✉❡ ✐♥✢❛t✐♦♥✲
✐♥❞❡①❡❞ ❜♦♥❞s ❢♦r ✐♥st✐t✉t✐♦♥❛❧ ✐♥✈❡st♦rs✳ ❙✐♥❝❡ t❤❡ ✶✾✽✶ ❧❛✉♥❝❤ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❯✳❑✳ ✐♥❞❡①✲
❧✐♥❦❡❞ ❣✐❧ts✱ ✈❛r✐♦✉s ❞❡✈❡❧♦♣♠❡♥ts ❤❛✈❡ ♦❝❝✉r❡❞ ✐♥ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ♠❛r❦❡ts✳ ❇❛rr ❛♥❞
❈❛♠♣❜❡❧❧ ✭✶✾✾✼✮ ❡st✐♠❛t❡❞ ♠❛r❦❡t ❡①♣❡❝t❛t✐♦♥s ♦❢ r❡❛❧ ✐♥t❡r❡st r❛t❡s ❛♥❞ ✐♥✢❛t✐♦♥ ❢r♦♠
♦❜s❡r✈❡❞ ♣r✐❝❡s ♦❢ ❯✳❑✳ ❣♦✈❡r♥♠❡♥t ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ❜♦♥❞s✳ ❏♦②❝❡✱ ▲✐❧❞❤♦❧❞t
❛♥❞ ❙♦r❡♥s❡♥ ✭✷✵✶✵✮ ❞❡✈❡❧♦♣❡❞ ❛♥ ❛✣♥❡ t❡r♠ str✉❝t✉r❡ ♠♦❞❡❧ t♦ ❞❡❝♦♠♣♦s❡ ❢♦r✇❛r❞
r❛t❡s t♦ ♦❜t❛✐♥ ■❘P✳ ◆♦t❛❜❧②✱ ❈❤r✐st❡♥s❡♥✱ ▲♦♣❡③ ❛♥❞ ❘✉❞❡❜✉s❝❤ ✭✷✵✶✵✮ ✉s❡❞ ❛♥ ❛✣♥❡
❛r❜✐tr❛❣❡✲❢r❡❡ ♠♦❞❡❧ ♦❢ t❤❡ t❡r♠ str✉❝t✉r❡ t♦ ❞❡❝♦♠♣♦s❡ ❇❊■❘ t❤❛t ❝❛♣t✉r❡s t❤❡ ♣r✐❝✐♥❣
♦❢ ❜♦t❤ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ s❡❝✉r✐t✐❡s✳ ❆ ❢♦✉r✲❢❛❝t♦r ❥♦✐♥t ❆❋◆❙ ♠♦❞❡❧ ✇❛s
❛❝❤✐❡✈❡❞ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❆❋◆❙ ♠♦❞❡❧s ❢♦r ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ②✐❡❧❞s✱ ✇❤✐❝❤
✹
♣r♦✈❡❞ ❡✣❝✐❡♥t ❢♦r ✜tt✐♥❣ ❛♥❞ ❢♦r❡❝❛st✐♥❣ ❛♥❛❧②s✐s✳ ❯♥❧✐❦❡ ❈❤r✐st❡♥s❡♥ ❡t ❛❧✳ ✭✷✵✶✵✮✱ ✇❡
❛❧✐❣♥ t❤❡ ❢♦✉r ❢❛❝t♦r ♠♦❞❡❧s ♦✈❡r ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s t♦ ♠❛❦❡ t❤❡ ❢❛❝t♦rs ❝♦♥s✐st❡♥t ♦✈❡r
♠❛t✉r✐t✐❡s✳
❲✐t❤ t❤❡ ❆❋◆❙ ♠♦❞❡❧ ❢♦r t❤❡ ❥♦✐♥t ❞②♥❛♠✐❝s ♦♥ ❤❛♥❞✱ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ ♦✉r ❊✉r♦♣❡❛♥
❝♦✉♥tr② ❛♥❛❧②s✐s✳ ▼♦st ♦❢ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ♠❡♥t✐♦♥s ❧✐tt❧❡ ❛❜♦✉t t❤❡ st♦r② ♦❢ ♠✉❧✲
t✐♣❧❡ ❝♦✉♥tr✐❡s✳ ❉✐❡❜♦❧❞✱ ▲✐ ❛♥❞ ❨✉❡ ✭✷✵✵✽✮ ❛r❡ t❤❡ ✜rst t♦ ❝♦♥s✐❞❡r ❛ ❣❧♦❜❛❧ ♠✉❧t✐♣❧❡
❝♦✉♥tr② ♠♦❞❡❧ ❢♦r ♥♦♠✐♥❛❧ ②✐❡❧❞ ❝✉r✈❡s✳ ❚❤❡r❡ ❛r❡ ❛ ❢❡✇ ❊✉r♦♣❡❛♥ ❝❡♥tr❛❧ ❜❛♥❦ r❡♣♦rts✱
✇❤✐❝❤ ❢♦❝✉s ♦♥ ❤♦✉s❡❤♦❧❞ ❛♥❞ ❡①♣❡rt ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ t❤❡ ❛♥❝❤♦r✐♥❣ ♦❢ ✐♥✢❛t✐♦♥
❡①♣❡❝t❛t✐♦♥s ✐♥ t❤❡ t✇♦ ❝✉rr❡♥❝② ❛r❡❛s ❜❡❢♦r❡ ❛♥❞ ❞✉r✐♥❣ t❤❡ ✷✵✵✽ ❝r✐s✐s✳
❍❡r❡ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❧♦♦❦ ✐♥t♦ ✜✈❡ ✐♥❞✉str✐❛❧✐s❡❞ ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s ❜② ❝♦♥str✉❝t✐♥❣
❛ ❥♦✐♥t ♠♦❞❡❧ ♦❢ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ■❊s✳ ❲❡ ❝♦♥str✉❝t ❛♥ ❆❋◆❙ ♠♦❞❡❧ ✐♥ ♠✉❧t✐✲♠❛t✉r✐t②
t❡r♠ str✉❝t✉r❡ ❢♦r ♠♦❞❡❧❧✐♥❣ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ ❜♦♥❞s s✐♠✉❧t❛♥❡♦✉s❧②✱ ✇❡
❛❧s♦ ♣r♦♣♦s❡ ❛ ❥♦✐♥t ♠♦❞❡❧ ♦❢ ■❊ ❞②♥❛♠✐❝s ♦✈❡r ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s✱ ✇❤✐❝❤ ❞✐s❝♦✈❡rs t❤❡
❡①tr❛❝t❡❞ ❝♦♠♠♦♥ tr❡♥❞ ❢♦r ■❊ ✐s ❛♥ ✐♠♣♦rt❛♥t ❞r✐✈❡r ❢♦r ❡❛❝❤ ❝♦✉♥tr② ♦❢ ✐♥t❡r❡st✳ ❚❤❡♥ ✇❡
❝♦♥❞✉❝t ❛♥ ❛♥❛❧②s✐s t♦ ❡①♣❧♦r❡ t❤❡ ❡st✐♠❛t❡❞ ❝♦♠♠♦♥ ❢❛❝t♦r ❜② ❞❡❝♦♠♣♦s✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥
✐♥t♦ ♣❛rts ❞r✐✈❡♥ ❜② ❝♦♠♠♦♥ ❡✛❡❝t ✈❛r✐❛t✐♦♥ ❛♥❞ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❡✛❡❝t ✈❛r✐❛t✐♦♥✳
❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ❡st✐♠❛t❡s t❤❡ ❥♦✐♥t ❆❋◆❙ ♠♦❞❡❧ ✐♥
♠✉❧t✐✲♠❛t✉r✐t② t❡r♠ str✉❝t✉r❡ ❢♦r ❡st✐♠❛t✐♥❣ ②✐❡❧❞s ♦♥ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ❜♦♥❞s
❛♥❞ ❛❧s♦ ❝♦✈❡rs t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❡t❤♦❞ ♦❢ ❇❊■❘✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡ ❞✐s❝✉ss t❤❡ ❡❝♦♥♦✲
♠❡tr✐❝ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞ ✐♥ t❤❡ ❥♦✐♥t ♠♦❞❡❧❧✐♥❣ ♦❢ ■❊ ❞②♥❛♠✐❝s✳ ❚❤❡ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ❛r❡
✐♥ t❤❡ ❆♣♣❡♥❞✐①✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❋✐♥❛❧❧② s❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s✳
✷ Pr❡❧✐♠✐♥❛r② ❆♥❛❧②s✐s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❡t❤♦❞♦❧♦❣② t♦ ♦❜t❛✐♥ t❤❡ ♠♦❞❡❧✲✐♠♣❧✐❡❞ ❇❊■❘✳ ❙✉❜✲
s❡❝t✐♦♥ ✷✳✶ ❜r✐❡✢② ✐♥tr♦❞✉❝❡s t❤❡ ◆❡❧s♦♥✲❙✐❡❣❡❧ ♠♦❞❡❧✱ ❛♥❞ s✉❜✲s❡❝t✐♦♥ ✷✳✷ ❝♦♥str✉❝ts t❤❡
❥♦✐♥t ❆❋◆❙ str✉❝t✉r❡ ❢♦r ♠♦❞❡❧❧✐♥❣ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ ❜♦♥❞s✳ ❙✉❜✲s❡❝t✐♦♥ ✷✳✸
✺
✐♥tr♦❞✉❝❡s t❤❡ ❥♦✐♥t ❆❋◆❙ ♠♦❞❡❧ ❛❝r♦ss ❝♦✉♥tr✐❡s ✐♥ ❛ ♠✉❧t✐✲♠❛t✉r✐t② t❡r♠ str✉❝t✉r❡✳ ■♥
t❤❡ ❧❛st s✉❜✲s❡❝t✐♦♥ ✷✳✹✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❡t❤♦❞ ♦❢ ❇❊■❘✳
✷✳✶ ❆ ❢❛❝t♦r ♠♦❞❡❧ r❡♣r❡s❡♥t❛t✐♦♥
❚❤❡ ❝❧❛ss✐❝ ◆❡❧s♦♥✲❙✐❡❣❡❧ ✭◆❙✮ ②✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧ ❢♦r ✜tt✐♥❣ t♦ st❛t✐❝ ②✐❡❧❞ ❝✉r✈❡s ✇✐t❤
s✐♠♣❧❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠✱
y(τ) = β0 + β1
(
1− e−λτ
λτ
)
+ β2
(
1− e−λτ
λτ
− e−λτ
)
✭✶✮
✇❤❡r❡ y(τ) ✐s ❛ ③❡r♦✲❝♦✉♣♦♥ ②✐❡❧❞ ✇✐t❤ τ ♠♦♥t❤s t♦ ♠❛t✉r✐t②✱ ❛♥❞ β0, β1, β2 ❛♥❞ λ ❛r❡
♣❛r❛♠❡t❡rs✳ ❚❤✐s ♠♦❞❡❧ ✐s ♣♦♣✉❧❛r ❜❡❝❛✉s❡ ✐t ✐s s✐♠♣❧❡ ❛♥❞ tr❛❝t❛❜❧❡✳ ❋♦r ❛ ✜①❡❞ ✈❛❧✉❡
♦❢ ♣❛r❛♠❡t❡r λ t❤❡ r❡♠❛✐♥✐♥❣ t❤r❡❡ βs ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡ ❖▲❙ ♠❡t❤♦❞✳ ▼❛t✉r✐t② τ
❞❡t❡r♠✐♥❡s t❤❡ ❞❡❝❛② s♣❡❡❞ ♦❢ ♣❛r❛♠❡t❡rs✳
❚❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❞②♥❛♠✐❝ ✈❡rs✐♦♥ ♦❢ ◆❡❧s♦♥✲❙✐❡❣❡❧ ✭❉◆❙✮ ♠♦❞❡❧ ❡♥❛❜❧❡s ✐♥st✐t✉t✐♦♥❛❧
✐♥✈❡st♦rs ❛♥❞ ♣♦❧✐❝② ♠❛❦❡rs t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❜♦♥❞ ♠❛r❦❡t ♦✈❡r t✐♠❡✱
t❤❡ ❉◆❙ ♠♦❞❡❧ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✱
yt(τ) = Lt + St
(
1− e−λτ
λτ
)
+ Ct
(
1− e−λτ
λτ
− e−λτ
)
✭✷✮
✇❤❡r❡ yt(τ) ❞❡♥♦t❡s t❤❡ ❝♦♥t✐♥✉♦✉s❧② ③❡r♦✲❝♦✉♣♦♥ ②✐❡❧❞ ♦❢ ♠❛t✉r✐t② τ ❛t t✐♠❡ t✳ t❤❡ t✐♠❡✲
✈❛r②✐♥❣ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡✜♥❡❞ ❛s ❧❡✈❡❧ Lt✱ s❧♦♣❡ St ❛♥❞ ❝✉r✈❛t✉r❡ Ct✳ ❙✉❝❤ ❝❤♦✐❝❡ ♦❢ t❤❡
❧❛t❡♥t ❢❛❝t♦rs ✐s ♠♦t✐✈❛t❡❞ ❜② ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ❣✐✈❡s ✉s t❤r❡❡ ♣r✐♥❝✐♣❛❧
❝♦♠♣♦♥❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❛t❡♥t ❢❛❝t♦rs✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♠♦st ✈❛r✐❛t✐♦♥ ♦❢ ②✐❡❧❞s
✐s ❛❝❝♦✉♥t❡❞ ❢♦r ❜② t❤❡ ✜rst ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ✲ ❧❡✈❡❧ ❢❛❝t♦r Lt✳
❇② ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡str✐❝t✐♦♥ ♦❢ ❛r❜✐tr❛❣❡✲❢r❡❡✱ t❤❡ ❆❋◆❙ ♠♦❞❡❧ ❜r✐❞❣❡s
t❤❡ ❜❡st ♦❢ t❤❡ ◆❡❧s♦♥✲❙✐❡❣❡❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ❆❋ ♠♦❞❡❧✳ ❚❤✉s✱ t❤❡ ❆❋◆❙ ♠♦❞❡❧ ❝♦♥s✐sts
♦❢ t✇♦ ❡q✉❛t✐♦♥s ❜② t❛❦✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❉◆❙ ♠♦❞❡❧ ❛♥❞ t❤❡ r❡❛❧✲✇♦r❧❞ ❞②♥❛♠✐❝s
✻
✭✉♥❞❡r P✲♠❡❛s✉r❡✮ ❡q✉❛t✐♦♥ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❆❋ ♠♦❞❡❧ r❡s♣❡❝t✐✈❡❧②✱
yt(τ) = X
1
t +X
2
t
(
1− e−λτ
λτ
)
+X3t
(
1− e−λτ
λτ
− e−λτ
)
−
A(τ)
τ
dXt = K
P (θP −Xt)dt+ ΣdW
P
t
✭✸✮
✇❤❡r❡ X⊤t = (X
1
t , X
2
t , X
3
t ) ✐s ❛ ✈❡❝t♦r ♦❢ ❧❛t❡♥t ❢❛❝t♦rs✱
A(τ)
τ
✐s ❛♥ ✉♥❛✈♦✐❞❛❜❧❡ ②✐❡❧❞✲
❛❞❥✉st♠❡♥t t❡r♠ ❛♥❞ ♦♥❧② ❞❡♣❡♥❞s ♦♥ ♠❛t✉r✐t②✳ KP ❛♥❞ θP ❝♦rr❡s♣♦♥❞ t♦ ❞r✐❢ts ❛♥❞
❞②♥❛♠✐❝s t❡r♠s✱ ❛♥❞ ❜♦t❤ ❛r❡ ❛❧❧♦✇❡❞ t♦ ✈❛r② ❢r❡❡❧②✳ Σ ✐s ✐❞❡♥t✐✜❡❞ ❛s ❛ ❞✐❛❣♦♥❛❧ ✈♦❧❛t✐❧✐t②
♠❛tr✐①✳
✷✳✷ ❆ ❥♦✐♥t ❢❛❝t♦r ♠♦❞❡❧
❚❤❡ ❆❋◆❙ str✉❝t✉r❡ ✐s ❛ ✉s❡❢✉❧ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❡r♠ str✉❝t✉r❡ r❡s❡❛r❝❤✳ ❈❤r✐st❡♥s❡♥
❡t ❛❧✳ ✭✷✵✶✵✮ ❡♠♣❧♦②❡❞ ❛♥❞ ❝♦♥❞✉❝t❡❞ ❛ s❡♣❛r❛t❡ ❆❋◆❙ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥ ♦❢ ♥♦♠✐♥❛❧ ❛♥❞
✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ❚r❡❛s✉r② ❜♦♥❞s r❡s♣❡❝t✐✈❡❧②✳ ❍❡r❡ ✇❡ ❝♦♥str✉❝t ❛♥ ❡①t❡♥❞❡❞ ❆❋◆❙ str✉❝✲
t✉r❡ ❢♦r ♠♦❞❡❧❧✐♥❣ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ ❜♦♥❞s s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤♦✉t ❡①♣❧♦r✐♥❣
t❤❡ ❡st✐♠❛t❡❞ ❝♦rr❡❧❛t✐♦♥ ♦❢ s❡♣❛r❛t❡ ❆❋◆❙ ♠♦❞❡❧s✳
❚❤❡ s❡♣❛r❛t❡ ❆❋◆❙ ♠♦❞❡❧ ♦❢ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ t②♣❡ ❢♦r ❛ s♣❡❝✐✜❝ ❝♦✉♥tr② i
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✱
yNit (τ) = L
N
it + S
N
it
(
1− e−λτ
λτ
)
+ CNit
(
1− e−λτ
λτ
− e−λτ
)
−
ANi (τ)
τ
yRit (τ) = L
R
it + S
R
it
(
1− e−λτ
λτ
)
+ CRit
(
1− e−λτ
λτ
− e−λτ
)
−
ARi (τ)
τ
❚♦ ❡①♣❧♦r❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ ❜♦♥❞ ②✐❡❧❞s ✇✐t❤✐♥ ❛
❝♦✉♥tr②✱ ✇❡ ♥❡❡❞ ❝♦♠❜✐♥❡ t✇♦ t②♣❡s ❛♥❞ ♠♦❞❡❧ t❤❡♠ ❥♦✐♥t❧②✳
❚♦ ✇♦r❦ ✇✐t❤ ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ②✐❡❧❞ ❝✉r✈❡✱ ✇❡ ❛ss✉♠❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥
✼
t❤❡ ❧❛t❡♥t ❢❛❝t♦rs ♦❢ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ ❜♦♥❞s ❛s ❢♦❧❧♦✇s✱
SRit = α
S
i S
N
it
CRit = α
C
i C
N
it
✭✹✮
❚❤❡ ❛ss✉♠♣t✐♦♥ ✇✐❧❧ ❜❡ ❥✉st✐✜❡❞ ❜② t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❥♦✐♥t ♠♦❞❡❧ ✐❧❧✉str❛t❡❞ ✐♥
s✉❜✲s❡❝t✐♦♥ ✹✳✷✳ ❚❤❡ ②✐❡❧❞ ❝✉r✈❡ ♦❢ t❤❡ ❥♦✐♥t ❆❋◆❙ ♠♦❞❡❧ ✐s✿

 y
N
it (τ)
yRit (τ)

 =


1
1− e−λiτ
λiτ
1− e−λiτ
λiτ
− e−λiτ 0
0 αSi
1− e−λiτ
λiτ
αCi (
1− e−λiτ
λiτ
− e−λiτ ) 1




LNit
SNit
CNit
LRit


+

 ε
N
it (τ)
εRit(τ)

−


ANi (τ)
τ
ARi (τ)
τ

 ✭✺✮
✇❤❡r❡ yNit ❛♥❞ y
R
it r❡♣r❡s❡♥t t❤❡ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ②✐❡❧❞s ❢♦r ❝♦✉♥tr② i ❛t t✐♠❡
t✳ ❚❤❡ r❡❛❧✲✇♦r❧❞ ❞②♥❛♠✐❝s ✭✉♥❞❡r P✲♠❡❛s✉r❡✮ ❡q✉❛t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠ ♦❢✱
dXt = K
P (θP −Xt)dt+ ΣdW
P
t
✇❤❡r❡ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ X⊤it =
(
LNit , S
N
it , C
N
it , L
R
it
)
❡✈♦❧✈❡s ❞②♥❛♠✐❝❛❧❧②✳
✷✳✸ ▼✉❧t✐♣❧❡ ❨✐❡❧❞ ❈✉r✈❡ ▼♦❞❡❧❧✐♥❣
❉✐❡❜♦❧❞ ❡t ❛❧✳ ✭✷✵✵✽✮ ❡①t❡♥❞ t❤❡ ❉◆❙ ♠♦❞❡❧ t♦ ❛ ❣❧♦❜❛❧ ✈❡rs✐♦♥ ❜② ♠♦❞❡❧❧✐♥❣ ❛ ♣♦t❡♥t✐❛❧❧②
❧❛r❣❡ s❡t ♦❢ ❝♦✉♥tr② ②✐❡❧❞ ❝✉r✈❡s ✐♥ ❛ ❢r❛♠❡✇♦r❦ t❤❛t ❛❧❧♦✇s ❢♦r ❜♦t❤ ❣❧♦❜❛❧ ❛♥❞ ❝♦✉♥tr②✲
s♣❡❝✐✜❝ ❢❛❝t♦rs✳ ❚❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❤❡r❡ ❡♠♣❧♦②s t❤❡ ❥♦✐♥t ❆❋◆❙ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥
s✉❜✲s❡❝t✐♦♥ ✷✳✷ ❛♥❞ ✇❡ ❢✉rt❤❡r ❡①t❡♥❞ ✐t t♦ ❛ ♠✉❧t✐♣❧❡✲♠❛t✉r✐t② ❝❛s❡✳
❋♦r ❛ s♣❡❝✐✜❝ ❝♦✉♥tr② i✱ ✇❡ ✜rst ❛ss✉♠❡ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡X⊤it ✐♥tr♦❞✉❝❡❞ ✐♥ s✉❜✲s❡❝t✐♦♥ ✷✳✷
✐s ❛ ❝♦♠♠♦♥ st❛t❡ ✈❛r✐❛❜❧❡ ❢♦r t❤❡ ②✐❡❧❞ ❝✉r✈❡s ❛❝r♦ss ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s✳ ❚❤❡ ♠✉❧t✐♣❧❡
②✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧ ♠❛② ✈❡r② ✇❡❧❧ ❧❡❛❞ t♦ ❡✣❝✐❡♥t ❡st✐♠❛t✐♦♥✳ ❆s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s
✽
❡①❛♠✐♥❡❞✱ t❤❡ s♠❛❧❧ s✐③❡ ♦❢ ♠♦❞❡❧ r❡s✐❞✉❛❧ r❡♣r❡s❡♥t❡❞ ✐♥ s✉❜✲s❡❝t✐♦♥ ✹✳✹ ❛❝❝♦✉♥ts ❢♦r t❤❡
♦✈❡r❛❧❧ ❣♦♦❞ ✜t ♦❢ t❤❡ ♠♦❞❡❧✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❥♦✐♥t ❆❋◆❙ ②✐❡❧❞ ❝✉r✈❡ ✐♥ ♠✉❧t✐✲
♠❛t✉r✐t② t❡r♠ str✉❝t✉r❡ ✐s✱


yNit (τ1)
yRit (τ1)
yNit (τ2)
yRit (τ2)
✳✳✳
yNit (τn)
yRit (τn)


=


1
1− e−λiτ1
λiτ1
1− e−λiτ1
λiτ1
− e−λiτ1 0
0 αSi
1− e−λiτ1
λiτ1
αCi (
1− e−λiτ1
λiτ1
− e−λiτ1) 1
1
1− e−λiτ2
λiτ2
1− e−λiτ2
λiτ2
− e−λiτ2 0
0 αSi
1− e−λiτ2
λiτ2
αCi (
1− e−λiτ2
λiτ2
− e−λiτ2) 1
✳✳✳
✳✳✳
✳✳✳
✳✳✳
1
1− e−λiτn
λiτn
1− e−λiτn
λiτn
− e−λiτn 0
0 αSi
1− e−λiτn
λiτn
αCi (
1− e−λiτn
λiτn
− e−λiτn) 1




LNit
SNit
CNit
LRit


+


εNit (τ1)
εRit(τ1)
εNit (τ2)
εRit(τ2)
✳✳✳
εNit (τn)
εRit(τn)


−


ANi (τ1)
τ1
ARi (τ1)
τ1
ANi (τ2)
τ2
ARi (τ2)
τ2
✳✳✳
ANi (τn)
τn
ARi (τn)
τn


✭✻✮
✇❤❡r❡ yNit (τn) ❛♥❞ y
R
it (τn) r❡♣r❡s❡♥t t❤❡ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ②✐❡❧❞s ❢♦r ❝♦✉♥tr② i ❛t
t✐♠❡ t ✇✐t❤ ♠❛t✉r✐t② τn✳ ❚❤❡ r❡❛❧✲✇♦r❧❞ ❞②♥❛♠✐❝s ❡q✉❛t✐♦♥ ✐s ✐♥ t❤❡ s❛♠❡ ❢♦r♠ ❛s ❜❡❢♦r❡✱
dXPt = K
P (θP −Xt)dt+ ΣdW
P
t
✇❤❡r❡ st❛t❡ ✈❛r✐❛❜❧❡s X⊤it =
(
LNit , S
N
it , C
N
it , L
R
it
)
❡✈♦❧✈❡s ❞②♥❛♠✐❝❛❧❧②✳
❚❤❡ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡s ♦❢ ②✐❡❧❞ ❝✉r✈❡s ✐s t❤❡ ❑❛❧♠❛♥ ✜❧t❡r✐♥❣
t❡❝❤♥✐q✉❡✳ ❚❤❡ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ❛r❡ ✐♥ ❆♣♣❡♥❞✐① ❆✳
✾
✷✳✹ ❇❊■❘ ❞❡❝♦♠♣♦s✐t✐♦♥
■♥ ♦r❞❡r t♦ ✜♥❞ ❛ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ ♠❡❛s✉r❡ ♦❢ ❡①♣❡❝t❡❞ ✐♥✢❛t✐♦♥✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✉♥❞❡r✲
st❛♥❞ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❜♦♥❞ ②✐❡❧❞s ✐♥t✉✐t✐✈❡❧② ❛♥❞ ❡❝♦♥♦♠✐❝❛❧❧②✱ ❢♦r ❜♦t❤ ♥♦♠✐♥❛❧
❛♥❞ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ t②♣❡s✳ ❆ s✐③❛❜❧❡ ❛♠♦✉♥t ♦❢ ❧✐t❡r❛t✉r❡ ❤❛s ❛❞♦♣t❡❞ ❛ ♣❛r❛♠❡t❡r✐③❡❞
❛♣♣r♦❛❝❤ ❢♦r ♠♦❞❡❧❧✐♥❣ t❤❡ t❡r♠ str✉❝t✉r❡ ♦❢ ✐♥t❡r❡st r❛t❡s t♦ ❡st✐♠❛t❡ t❤❡ ■❊ ❛♥❞ r✐s❦ ♣r❡✲
♠✐❛ ✉s✐♥❣ ❞❛t❛ ❢r♦♠ ❜♦t❤ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥❞❡①❡❞ ❜♦♥❞s✳ ❆❞r✐❛♥ ❛♥❞ ❲✉ ✭✷✵✵✾✮✱ ❈❛♠♣❜❡❧❧
❛♥❞ ❱✐❝❡✐r❛ ✭✷✵✵✾✮✱ P✢✉❡❣❡r ❛♥❞ ❱✐❝❡✐r❛ ✭✷✵✶✶✮ ❞❡❝♦♠♣♦s❡❞ t❤❡ ②✐❡❧❞ ♦❢ ❛♥ ✐♥✢❛t✐♦♥✲
❧✐♥❦❡❞ ❜♦♥❞ ✐♥t♦ ❝✉rr❡♥t ❡①♣❡❝t❛t✐♦♥ ♦❢ ❛ ❢✉t✉r❡ r❡❛❧ ✐♥t❡r❡st r❛t❡ ❛♥❞ ❛ r❡❛❧ ✐♥t❡r❡st r❛t❡
♣r❡♠✐✉♠✳ ❚❤❡ ②✐❡❧❞ ♦♥ ❛ ♥♦♠✐♥❛❧ ❜♦♥❞ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ♣❛rts ♦❢ t❤❡ ②✐❡❧❞ ♦♥ ❛
r❡❛❧ ❜♦♥❞✱ ❡①♣❡❝t❛t✐♦♥s ♦❢ ❢✉t✉r❡ ✐♥✢❛t✐♦♥ ❛♥❞ ■❘P✳ ❚❤❡r❡❢♦r❡ t❤❡ s♣r❡❛❞ ❜❡t✇❡❡♥ ❜♦t❤
②✐❡❧❞s✱ t❤❡ ❇❊■❘✱ r❡✢❡❝ts t❤❡ ❧❡✈❡❧ ♦❢ ■❊ ❛♥❞ ■❘P✳
■♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ♦❢ ❛♥ ❛r❜✐tr❛❣❡✲❢r❡❡ ♠♦❞❡❧✱ t❤❡r❡ ❛r❡ ♥♦ ♦♣♣♦rt✉♥✐t✐❡s ❢♦r ✐♥✈❡st♦rs t♦
♠❛❦❡ r✐s❦✲❢r❡❡ ♣r♦✜ts✱ t❤❡ ❜♦♥❞s ❝❛♥ ❜❡ ♣r✐❝❡❞ ❜② ❜❛s✐❝ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦
❈♦❝❤r❛♥❡ ✭✷✵✵✺✮✱
Pt = Et
{
β
u
′
(ct+1)
u
′(ct)
xt+1
}
✭✼✮
✇❤❡r❡ t❤❡ ♣r✐❝❡ ✐s ❞❡♥♦t❡❞ ❜② Pt✱ t❤❡ ✈❛❧✉❡ ct ❛t t✐♠❡ t ❤❛s ❛ ♣❛②♦✛ xt+1✱ β ✐s t❤❡ ❞✐s❝♦✉♥t
❢❛❝t♦r✳ ❲❡ ❜r❡❛❦ ✉♣ t❤❡ ❜❛s✐❝ ❝♦♥s✉♠♣t✐♦♥✲❜❛s❡❞ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥ ❛♥❞ ❣❡t t❤❡ st♦❝❤❛st✐❝
❞✐s❝♦✉♥t ❢❛❝t♦r ✭❙❉❋✮ Mt+1 ❛t t✐♠❡ t+ 1✱
Mt+1 = β
u
′
(ct+1)
u
′(ct)
✭✽✮
❚❤❡♥ t❤❡ ♣r✐❝❡s ♦❢ t❤❡ ③❡r♦✲❝♦✉♣♦♥ ❜♦♥❞s t❤❛t ♣❛② ♦♥❡ ✉♥✐t ♠❡❛s✉r❡❞ ❜② t❤❡ ❝♦♥s✉♠♣t✐♦♥
❜❛s❦❡t ❛t t✐♠❡ t ✇✐t❤ ♠❛t✉r✐t② τ ❛r❡ ❢♦r♠❡❞ ❛s ❢♦❧❧♦✇s✱
PNt (τ) = Et
(
MNt+1M
N
t+2 · · ·M
N
t+τ
)
PRt (τ) = Et
(
MRt+1M
R
t+2 · · ·M
R
t+τ
) ✭✾✮
✇❤❡r❡ t❤❡ ♥♦♠✐♥❛❧ ❛♥❞ t❤❡ r❡❛❧ ✭❢♦r ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ❜♦♥❞✮ ❙❉❋s ❛t t✐♠❡ t ❛r❡ ❞❡♥♦t❡❞ ❜②
MNt ❛♥❞ M
R
t ✳ P
N
t ❛♥❞ P
R
t r❡♣r❡s❡♥t t❤❡ ♣r✐❝❡s ♦❢ ♥♦♠✐♥❛❧ ❛♥❞ r❡❛❧ ❜♦♥❞s r❡s♣❡❝t✐✈❡❧②✳
✶✵
❚❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❜❛s❦❡t✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ ❛s t❤❡ ♦✈❡r❛❧❧ ♣r✐❝❡ ❧❡✈❡❧ Qt ❤❛s t❤❡
❢♦❧❧♦✇✐♥❣ ❧✐♥❦ ✇✐t❤ ❙❉❋s ❣✐✈❡♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ♥♦ ❛r❜✐tr❛❣❡✱
MNt
MRt
=
Qt−1
Qt
✭✶✵✮
❈♦♥✈❡rt✐♥❣ t❤❡ ♣r✐❝❡ ✐♥t♦ t❤❡ ②✐❡❧❞ ❜② t❤❡ ❡q✉❛t✐♦♥ ♦❢ yt(τ) = −
1
τ
logPt(τ)✱
yNt (τ) = −
1
τ
log Et
(
MNt+1M
N
t+2 · · ·M
N
t+τ
)
= −
1
τ
Et
(
logMNt+1M
N
t+2 · · ·M
N
t+τ
)
−
1
2τ
Vart
(
logMNt+1M
N
t+2 · · ·M
N
t+τ
)
yRt (τ) = −
1
τ
log Et
(
MRt+1M
R
t+2 · · ·M
R
t+τ
)
= −
1
τ
Et
(
logMRt+1M
R
t+2 · · ·M
R
t+τ
)
−
1
2τ
Vart
(
logMRt+1M
R
t+2 · · ·M
R
t+τ
)
❚❤❡r❡❢♦r❡✱
yNt (τ)− y
R
t (τ) = −
1
τ
Et
(
log
MNt+1
MRt+1
MNt+2
MRt+2
· · ·
MNt+τ
MRt+τ
)
+
1
2τ
Vart
(
log
MNt+1
MRt+1
MNt+2
MRt+2
· · ·
MNt+τ
MRt+τ
)
−
1
τ
Covt
(
log
MNt+1
MRt+1
MNt+2
MRt+2
· · ·
MNt+τ
MRt+τ
, logMRt+1M
R
t+2 · · ·M
R
t+τ
)
●✐✈❡♥ t❤❡ ❧♦❣ ✐♥✢❛t✐♦♥ ✐s pit+1 = log
Qt+1
Qt
❛♥❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❙❉❋s ❛❝❝♦r❞✐♥❣
t♦ ❡q✉❛t✐♦♥ ✭✶✵✮✱ t❤❡ ❇❊■❘ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s✱
yNt (τ)− y
R
t (τ) =
1
τ
Et (log pit+1pit+2 · · · pit+τ )−
1
2τ
Vart (log pit+1pit+2 · · · pit+τ )
+
1
τ
Covt
(
log pit+1pit+2 · · · pit+τ , logM
R
t+1M
R
t+2 · · ·M
R
t+τ
) ✭✶✶✮
t❤❛t ✐s✱
BEIRt(τ) = y
N
t (τ)− y
R
t (τ) = pit(τ) + ηt(τ) + φt(τ) ✭✶✷✮
✇❤❡r❡ pit(τ) ✐s t❤❡ ■❊✱ ηt(τ) ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥✈❡①✐t② ❡✛❡❝t ❛♥❞ φt(τ) ✐s ■❘P✳ ❚♦ ❧✐♥❦
t❤❡ BEIRt(τ) ✇✐t❤ t❤❡ ❡st✐♠❛t❡❞ st❛t❡ ✈❛r✐❛❜❧❡ ♠❡♥t✐♦♥❡❞ ✐♥ s✉❜✲s❡❝t✐♦♥ ✷✳✸✱ ✇❡ ❛ss✉♠❡
✶✶
t❤❛t t❤❡ P✲❞②♥❛♠✐❝s ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❙❉❋s ❛r❡✱
dMNt
MNt
= −(rNt − r
N
t−1)dt− (Γ
N
t − Γ
N
t−1)dW
P
t
dMRt
MRt
= −(rRt − r
R
t−1)dt− (Γ
R
t − Γ
R
t−1)dW
P
t
✭✶✸✮
✇❤❡r❡ rt ✐s t❤❡ st♦❝❤❛st✐❝ r✐s❦✲❢r❡❡ r❛t❡ ❛♥❞ Γt r❡♣r❡s❡♥ts t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r✐s❦ ♣r❡♠✐✉♠❀
t❤❡✐r ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✉♥❞❡r❧✐♥❣ st❛t❡ ✈❛r✐❛❜❧❡ X⊤t ✐♥ ❡q✉❛t✐♦♥ ✭✻✮✱
❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❍❡♥❝❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♦✈❡r❛❧❧ ♣r✐❝❡ ❧❡✈❡❧ ✐s✱
d log
(
Qt−1
Qt
)
= −(rNt − r
R
t )dt+ (r
N
t−1 − r
R
t−1)dt
d log (Qt) = (r
N
t − r
R
t )dt
✭✶✹✮
❚❤❡ ■❊ ✐s ❣✐✈❡♥ ❜②✱
pit(τ) = −
1
τ
log EPt
[
exp
{
−
∫ t+τ
t
(rNs − r
R
s )ds
}]
✭✶✺✮
✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❛ s②st❡♠ ♦❢ ❖❉❊s ✇✐t❤ ❛ ❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞✱ s❡❡ ❆♣♣❡♥❞✐① ❇✳
❚❤❡ ❝♦♥✈❡①✐t② ❡✛❡❝t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✱
ηt(τ) = −
1
τ
E
P
t
[
log exp
{
−
∫ t+τ
t
(rNs − r
R
s )ds
}]
✭✶✻✮
❚❤❡♥ t❤❡ ■❘P ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ♦✉t ❜② ❡q✉❛t✐♦♥ ✭✶✷✮✳
✸ ❊❝♦♥♦♠❡tr✐❝ ▼♦❞❡❧❧✐♥❣ ♦❢ ■♥✢❛t✐♦♥ ❊①♣❡❝t❛t✐♦♥
❉✐❡❜♦❧❞ ❡t ❛❧✳ ✭✷✵✵✽✮ ❡①t❡♥❞❡❞ t❤❡ ❞②♥❛♠✐❝ ◆❡❧s♦♥✲❙✐❡❣❡❧ ✭❉◆❙✮ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❜②
❉✐❡❜♦❧❞ ❛♥❞ ▲✐ ✭✷✵✵✻✮ t♦ ❛ ❣❧♦❜❛❧ ✈❡rs✐♦♥ ❜② ♠♦❞❡❧❧✐♥❣ ❛ ♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ s❡t ♦❢ ❝♦✉♥tr②
②✐❡❧❞ ❝✉r✈❡s ✐♥ ❛ ❢r❛♠❡✇♦r❦ t❤❛t ❛❧❧♦✇s ❢♦r ❜♦t❤ ❣❧♦❜❛❧ ❛♥❞ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ❢❛❝t♦rs✳ ❆s
❢❛r ❛s ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❡ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ❡st✐♠❛t❡s ♦❢ ■❊✱ ✇❡ ❝❛♥ t❡❧❧ ❛ st♦r② ♦❢ ♠✉❧t✐♣❧❡
❝♦✉♥tr✐❡s ✐♥ t❤✐s s❡❝t✐♦♥✳ ❲❡ ❛✐♠ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ✐❞✐♦s②♥❝r❛t✐❝ ❢❛❝t♦rs
✶✷
t♦ ❧♦❛❞ ♦♥ ❛ ❝♦♠♠♦♥ t✐♠❡✲✈❛r②✐♥❣ ❢❛❝t♦r ❛♥❞ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ❢❛❝t♦rs✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢
❛♥ ❡①tr❛❝t❡❞ ❝♦♠♠♦♥ tr❡♥❞ ✐s ❛❧s♦ ❡✈❛❧✉❛t❡❞✳
❚❤❡ ♠♦❞❡❧ ✇✐t❤♦✉t ❛ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❢❛❝t♦r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✱ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝
❢❛❝t♦rs pˆieit ❢♦r ❡❛❝❤ ❝♦✉♥tr② i ❛t t✐♠❡ t✱ t♦ ❧♦❛❞ ♦♥ ❛ ❝♦♠♠♦♥ t✐♠❡✲✈❛r②✐♥❣ ❧❛t❡♥t ❢❛❝t♦r
Πt✱
pˆieit = mi + niΠt + µit ✭✶✼✮
❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦♠♠♦♥ ❢❛❝t♦r✱
Πt = p+ qΠt−1 + νt ✭✶✽✮
✇❤❡r❡ m✱ n✱ p ❛♥❞ q ❛r❡ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ❡rr♦rs µit ❛♥❞ νit ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡
✐✳✐✳❞ ✇❤✐t❡ ♥♦✐s❡✳
❙✐♥❝❡ t❤❡r❡ ✐s ❛ ❞②♥❛♠✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ♠❛❝r♦✲❡❝♦♥♦♠② ❛♥❞ t❤❡ ②✐❡❧❞ ❝✉r✈❡ ❛s ❡✈✐✲
❞❡♥❝❡❞ ❜② ❉✐❡❜♦❧❞✱ ❘✉❞❡❜✉s❝❤ ❛♥❞ ❆r✉♦❜❛ ✭✷✵✵✻✮✱ ❛♥❞ ✐♥ ❋✐❣✉r❡ ✶ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t
t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❇❊■❘ ❛♣♣❡❛rs ❛r♦✉♥❞ ✷✵✶✷ ❞✉❡ t♦ t❤❡ ❊✉r♦♣❡❛♥ s♦✈❡r❡✐❣♥ ❞❡❜t ❝r✐s✐s✳
❆ str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❥♦✐♥t ♠♦❞❡❧❧✐♥❣ ❡q✉❛t✐♦♥ ✭✶✻✮ ✐s ❛❞❞✐♥❣ ❛ ♣r♦①② ♦❢ t❤❡
♠❛❝r♦❡❝♦♥♦♠✐❝ ❢❛❝t♦r ✲ ❞❡❢❛✉❧t r✐s❦ ❢❛❝t♦r✳ ❚❤❡ ♠♦❞❡❧ ✇✐t❤ ❛ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❢❛❝t♦r ✐s✱
pˆieit = mi + niΠt + lidit + µit ✭✶✾✮
✇❤❡r❡ dit ✐s t❤❡ ❞❡❢❛✉❧t r✐s❦ ❢❛❝t♦r ✈❛r②✐♥❣ ♦✈❡r t✐♠❡ ❛♥❞ m✱ n✱ p✱ l ❛♥❞ q ❛r❡ ✉♥❦♥♦✇♥
♣❛r❛♠❡t❡rs✳ ❚❤❡ ♥♦✐s❡s µit ❛♥❞ νit ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐✳✐✳❞✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❝♦♠♠♦♥
❢❛❝t♦r ✐s t❤❡ s❛♠❡ ❢♦r♠ ❛s ✐♥ ✭✶✽✮✳
✹ ❊♠♣✐r✐❝❛❧ ❘❡s✉❧ts
❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞✳ ❙✉❜✲
s❡❝t✐♦♥ ✹✳✶ ❞❡s❝r✐❜❡s t❤❡ ❞❛t❛✱ ✇❡ t❤❡♥ ❞✐s❝✉ss t❤❡ ✜tt✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♠✉❧t✐♣❧❡ ②✐❡❧❞
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❝✉r✈❡ ♠♦❞❡❧❧✐♥❣✱ s❡tt✐♥❣ ✉♣ ❛ ❜r✐❡❢ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ♣r❡❧✐♠✐♥❛r②
❛♥❛❧②s✐s ✐♥ s✉❜✲s❡❝t✐♦♥ ✹✳✷✳ ❙✉❜✲s❡❝t✐♦♥ ✹✳✸ ❡st❛❜❧✐s❤❡s t❤❡ ❡st✐♠❛t❡❞ ■❊ ❢♦r ❡❛❝❤ ❝♦✉♥tr②✱
❛♥❞ s✉❜✲s❡❝t✐♦♥ ✹✳✹ ❞✐s❝✉ss❡s t❤❡ ❝♦♠♠♦♥ tr❡♥❞ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❥♦✐♥t ♠♦❞❡❧❧✐♥❣ ♦❢
❝♦✉♥tr②✲s♣❡❝✐✜❝ ■❊s✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❢♦r❡❝❛st ✐s s❤♦✇♥ ✐♥ s✉❜✲s❡❝t✐♦♥
✹✳✺✳
✹✳✶ ❉❛t❛
▼♦♥t❤❧② ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ②✐❡❧❞ ❞❛t❛ ♦❢ ③❡r♦✲❝♦✉♣♦♥ ❣♦✈❡r♥♠❡♥t ❜♦♥❞s ✉s❡❞ ❢♦r
♠♦❞❡❧ ❡st✐♠❛t✐♦♥ ❛r❡ t❛❦❡♥ ❢r♦♠ ❇❧♦♦♠❜❡r❣ ❛♥❞ ❉❛t❛str❡❛♠✳ ❚❤❡ r❡s❡❛r❝❤ ❞❛t❛❜❛s❡s ❛r❡
s✉♣♣♦rt❡❞ ❜② t❤❡ ❘❡s❡❛r❝❤ ❉❛t❛ ❈❡♥t❡r ✭❘❉❈✮ ❢r♦♠ t❤❡ ❈♦❧❧❛❜♦r❛t✐✈❡ ❘❡s❡❛r❝❤ ❈❡♥t❡r
✻✹✾✱ ❍✉♠❜♦❧❞t ❯♥✐✈❡rs✐tät ③✉ ❇❡r❧✐♥✳ ❚❤❡ t✐♠❡ s❡r✐❡s ❢♦r ❛ s♣❡❝✐✜❝ ❝♦✉♥tr② ❛r❡ ❡st✐♠❛t❡❞
✉s✐♥❣ ❞❛t❛ ❢r♦♠ t❤❡ s❛♠❡ s♦✉r❝❡✳ ❲❡ ❝♦♥s✐❞❡r ✜✈❡ s❛♠♣❧❡s ❢r♦♠ t❤❡ ✐♥❞✉str✐❛❧✐③❡❞ ❊✉r♦✲
♣❡❛♥ ❝♦✉♥tr✐❡s ✲ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ✭❯✳❑✳✮✱ ❋r❛♥❝❡✱ ●❡r♠❛♥②✱ ■t❛❧② ❛♥❞ ❙✇❡❞❡♥✱ ❛❧❧ ♠❡♠❜❡r
st❛t❡s ♦❢ ❊✉r♦♣❡❛♥ ❯♥✐♦♥ ✭❊❯✮✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t✱ ❡✈❡♥ t❤♦✉❣❤ t✇♦ ♦❢ t❤❡ s❡❧❡❝t❡❞
✜✈❡ ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s ❛r❡ ♦✉ts✐❞❡ t❤❡ ❡✉r♦✲③♦♥❡ ✲ ❯✳❑✳ ❛♥❞ ❙✇❡❞❡♥✱ t❤❡② ❤❛✈❡ t❤❡✐r
♦✇♥ ❝✉rr❡♥❝✐❡s t❤❡r❡❢♦r❡ ✐♥❞❡♣❡♥❞❡♥t ❝❡♥tr❛❧ ❜❛♥❦s ❛♥❞ ♠♦♥❡t❛r② ♣♦❧✐❝②✱ t❤❡ ✐♥✢❛t✐♦♥
❝♦✲♠♦✈❡♠❡♥t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❛❝r♦ss t❤❡ s❡❧❡❝t❡❞ ❝♦✉♥tr✐❡s ✐♥ s✉❜✲s❡❝t✐♦♥ ✹✳✹✳ ❚❤✐s ❛❧s♦
♠♦t✐✈❛t❡s ♦✉r ❛♥❛❧②s✐s t♦ ❡①tr❛❝t ❛ ❥♦✐♥t t✐♠❡✲✈❛r②✐♥❣ str✉❝t✉r❡ ♦❢ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ■❊s✳
❚❤❡ ❧❛❝❦ ♦❢ s❤♦rt✲♠❛t✉r✐t② ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ❜♦♥❞s ♦❢ t❤❡ s❛♠♣❧❡ ❝♦✉♥tr✐❡s ✐♥❞✐❝❛t❡s t❤❛t
✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ②✐❡❧❞ ❛t s❤♦rt✲♠❛t✉r✐t② t❡♥❞s t♦ ❜❡ ❧❡ss r❡❧✐❛❜❧❡ ❛♥❞ ❛❝❝❡ss✐❜❧❡✱ s♦ t❤❡
s❤♦rt❡st ♠❛t✉r✐t✐❡s ✇❡ ❝♦✉❧❞ ❣❡t ❛❝❝❡ss ❢♦r ❡❛❝❤ ❝♦✉♥tr② ❛r❡ ❧✐♠✐t❡❞✳ ❲❡ t❤❡r❡❢♦r❡ s❡❧❡❝t❡❞
t❤r❡❡ ♠❛t✉r✐t✐❡s ❢♦r ❡❛❝❤ ❝♦✉♥tr② t♦ ❡♥s✉r❡ t❤❛t ❡♥♦✉❣❤ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❚❤❡
s❛♠♣❧❡ ♣❡r✐♦❞ ✐♥✈♦❧✈❡s t❤❡ s✉❜♣r✐♠❡ ❝r✐s✐s ✐♥ ✷✵✵✽ ❛♥❞ ✐s s✐❣❤t❧② ❞✐✛❡r❡♥t ❢♦r ❡❛❝❤ ❝♦✉♥tr②
❞✉❡ t♦ t❤❡ ✐♥t❡❣r✐t② ♦❢ t❤❡ ❞❛t❛✳ ❚❤❡ s✉r❢❛❝❡s ♦❢ t❤❡ ②✐❡❧❞ ❞❛t❛ ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✷✳
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♥♦♠✐♥❛❧ ✶✳✽✾ ✹✳✹✺ ✼✳✶✶ ✵✳✾✸
✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ ✶✳✵✷ ✷✳✼✼ ✻✳✼✷ ✶✳✵✻
❚❛❜❧❡ ✶✿ ❉❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s ♦❢ t❤❡ ♠♦♥t❤❧② ❜♦♥❞ ②✐❡❧❞s ❞❛t❛✳ ❙❉ ✐s st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳
✶✻
✹✳✷ ❊st✐♠❛t❡s ♦❢ ❨✐❡❧❞ ❈✉r✈❡ ▼♦❞❡❧❧✐♥❣
❲❡ ❛ss❡ss t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ ♠✉❧t✐♣❧❡ ②✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧ ❜②
❝♦♥❞✉❝t✐♥❣ ❑❛❧♠❛♥ ✜❧t❡r✐♥❣✱ ✇❤♦s❡ r❡❝✉rs✐♦♥ ✐s ❛ s❡t ♦❢ ❡q✉❛t✐♦♥s ❛❧❧♦✇✐♥❣ ❢♦r ❛♥ ❡st✐♠❛t♦r
t♦ ❜❡ ✉♣❞❛t❡❞ ♦♥❝❡ ❛ ♥❡✇ ♦❜s❡r✈❛t✐♦♥ yt ✐s ❛✈❛✐❧❛❜❧❡❀ ♠♦r❡ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❆♣♣❡♥❞✐① ❆✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ s❡❡ ✐❢ t❤❡ ②✐❡❧❞s ♦❢ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲❧✐♥❦❡❞ ❜♦♥❞s
❛r❡ s✉✐t❡❞ t♦ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ✐♥ s✉❜✲s❡❝t✐♦♥ ✷✳✸✳ ❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s
♦✈❡r ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s ❢♦r ❛❧❧ ✜✈❡ ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s✳
❲❤✐❧❡ t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s ❤❛✈❡ ❥✉♠♣s ❢♦r s❤♦rt ♣❡r✐♦❞s✱ ✐t ✐s ♥♦t ❡♥t✐r❡❧② s✉r♣r✐s✐♥❣ ❛s t❤❡
❥✉♠♣s ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❛s t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❡①tr❡♠❡ ❡✈❡♥ts✳ ❚❤❡ ♦✉t❧✐❡rs ♦❜s❡r✈❡❞ ✐♥ t❤❡
s✉❜✲✜❣✉r❡ ♦❢ ■t❛❧② ❤❛♣♣❡♥❡❞ t♦ ❜❡ t❤❡ ✜♥❛♥❝✐❛❧ ❞❡❢❛✉❧t ❝r✐s✐s ♦❢ ■t❛❧② ✐♥ ✷✵✶✷✳ ❲❡ ❝❛♥ ❛❧s♦
♦❜s❡r✈❡ ❛ ❥✉♠♣ ❛r♦✉♥❞ ❙❡♣t❡♠❜❡r ✷✵✵✽ ❢♦r t❤❡ ❯✳❑✳ ❛♥❞ ❙✇❡❞❡♥ ❞✉❡ t♦ t❤❡ ✇❡❧❧✲❦♥♦✇♥
s✉❜♣r✐♠❡ ❝r✐s✐s✳ ❇❛s✐❝❛❧❧② t❤❡ ♦✈❡r❛❧❧ s♠❛❧❧ s✐③❡ ♦❢ t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s ✐♥❞✐❝❛t❡s t❤❡ ❣♦♦❞
✜t ♦❢ t❤❡ ❥♦✐♥t ♠✉❧t✐♣❧❡ ②✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧✳ ❚❤❡ s✉♠♠❛r② st❛t✐st✐❝s ♦❢ t❤❡ ♠♦❞❡❧ ✜t ✐s
r❡♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✷✳ ❆❣❛✐♥✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♠❡❛♥ ❛♥❞ ❘▼❙❊ ♦❢ t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s
❛r❡ s♠❛❧❧❡r ❞✉❡ t♦ t❤❡ ♦✉t❧✐❡rs ✐♥ ❋✐❣✉r❡ ✸✳
❚❤❡ ❝♦✉♥tr②✲s♣❡❝✐✜❝ st❛t❡ ✈❛r✐❛❜❧❡s ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✹✱ ✇✐t❤ ❢♦✉r ✉♥❞❡r❧②✐♥❣ ❧❛t❡♥t
❢❛❝t♦rs LNit , S
N
it , C
N
it , L
R
it ♣r❡s❡♥t❡❞✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❧❡✈❡❧ ❢❛❝t♦rs L
N
it , L
R
it ❛r❡ s✐❣♥✐✜✲
❝❛♥t❧② ♣♦s✐t✐✈❡✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✈❡r✐✜❡s t❤❡ ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ ❝❤♦✐❝❡ ♦❢ ❧❛t❡♥t ❢❛❝t♦rs ✐♥
s✉❜✲s❡❝t✐♦♥ ✷✳✶✳ ❚❤❛t ✐s✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❧❛t❡♥t ❢❛❝t♦rs ✐s ♠♦t✐✈❛t❡❞ ❜② ♣r✐♥❝✐♣❛❧ ❝♦♠✲
♣♦♥❡♥t ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ❣✐✈❡s ✉s t❤r❡❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❛t❡♥t
❢❛❝t♦rs Lit, Sit, Cit✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♠♦st ✈❛r✐❛t✐♦♥ ♦❢ ②✐❡❧❞s ✐s ❛❝❝♦✉♥t❡❞ ❢♦r ❜② t❤❡ ✜rst
♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❢r♦♠ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ✲ ❧❡✈❡❧ ❢❛❝t♦r Lt✳
✹✳✸ ■❊
❲❡ st❛rt❡❞ ❜② ✜tt✐♥❣ t❤❡ ♠✉❧t✐♣❧❡ ②✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧❧✐♥❣✱ ✇❤❡r❡ t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s ❛r❡
✉s❡❞ t♦ ✐♥❞✐❝❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❢♦✉r✲❢❛❝t♦r ❆❋◆❙ ♠♦❞❡❧ ♦✈❡r ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s✳
❲❡ t❤❡♥ ❝♦♥❞✉❝t❡❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❇❊■❘✱ ❛s ❛❧r❡❛❞② ❞❡s❝r✐❜❡❞ ✐♥ s✉❜✲s❡❝t✐♦♥ ✷✳✹✱
✐♥t♦ ♣❛rts ♦❢ ■❊✱ t❤❡ ❝♦♥✈❡①✐t② ❡✛❡❝t ❛♥❞ ■❘P t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s✳ ❋✐❣✉r❡ ✺
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❋✐❣✉r❡ ✸✿ ❚❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s ♦❢ ♠✉❧t✐♣❧❡ ②✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧❧✐♥❣ ♦✈❡r ❞✐✛❡r❡♥t ♠❛t✉r✐t✐❡s
✭τ1 < τ2 < τ3✮✳ ❚❤❡ ♥♦♠✐♥❛❧ t②♣❡ ✇✐t❤ τ1 ✐s t❤❡ r❡❞ ❧✐♥❡ ❛♥❞ t❤❡ r❡❛❧ t②♣❡ ✐s t❤❡ ❜❧✉❡
❞♦tt❡❞ ❧✐♥❡✳ ❚❤❡ ♥♦♠✐♥❛❧ ❛♥❞ r❡❛❧ t②♣❡s ✇✐t❤ τ2 ❛r❡ t❤❡ ❜❧❛❝❦ ❧♦♥❣✲❞❛s❤❡❞ ❛♥❞ ❣r❡❡♥
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❚❛❜❧❡ ✷✿ ❙✉♠♠❛r② st❛t✐st✐❝s ♦❢ t❤❡ ♠♦❞❡❧ ✜t ✉s✐♥❣ t❤❡ ♠✉❧t✐♣❧❡ ②✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧✳ ❘▼❙❊
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❋✐❣✉r❡ ✹✿ ❚❤❡ ❡st✐♠❛t❡❞ ❢♦✉r ❧❛t❡♥t ❢❛❝t♦rs ♦❢ st❛t❡ ✈❛r✐❛❜❧❡ Xt = (L
N
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N
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N
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R
it) ❢♦r
❡❛❝❤ ❊✉r♦♣❡❛♥ ❝♦✉♥tr② ✲ t❤❡ ♥♦♠✐♥❛❧ ❧❡✈❡❧ ❢❛❝t♦r LNit ✭r❡❞✮✱ t❤❡ r❡❛❧ ❧❡✈❡❧ ❢❛❝t♦r L
R
it ✭❜❧✉❡✮✱
t❤❡ ♥♦♠✐♥❛❧ s❧♦♣❡ ❢❛❝t♦r SNit ✭♣✉r♣❧❡✮ ❛♥❞ t❤❡ ♥♦♠✐♥❛❧ ❝✉r✈❛t✉r❡ ❢❛❝t♦r C
N
it ✭❜❧❛❝❦✮✳ ❚❤❡
♣r❡✐❞✐❝t❡❞ st❛t❡ ✈❛r✐❛❜❧❡s ❛r❡ ♣r❡s❡♥t❡❞ ❛s ❧✐♥❡ t②♣❡ ❛♥❞ t❤❡ ✜❧t❡r❡❞ st❛t❡ ✈❛r✐❛❜❧❡s ❛r❡
❞❛s❤❡❞✳
▼❚❙❴❛❢♥s❴✉❦✱ ▼❚❙❴❛❢♥s❴❞❡✱ ▼❚❙❴❛❢♥s❴❢r✱ ▼❚❙❴❛❢♥s❴✐t✱ ▼❚❙❴❛❢♥s❴s✇
✷✵
❝♦♠♣❛r❡s t❤❡ ❡st✐♠❛t❡❞ t❤r❡❡✲②❡❛r ❛♥❞ ✜✈❡✲②❡❛r ❢♦r❡❝❛sts ♦❢ ■❊ ❢♦r ❡❛❝❤ ❊✉r♦♣❡❛♥ ❝♦✉♥tr②✳
U.K. IE
2008 2010 2012 2014
−
2
−
1
0
1
2
3
4
5
Germany IE
2010 2011 2012 2013 2014 2015
−
1.
0
−
0.
5
0.
0
0.
5
1.
0
1.
5
2.
0
France IE
2008 2010 2012 2014
−
1
0
1
2
3
4
Italy IE
2008 2010 2012 2014
−
1
0
1
2
3
4
Sweden IE
2008 2010 2012 2014
−
1
0
1
2
3
4
❋✐❣✉r❡ ✺✿ ❚❤❡ ♠♦❞❡❧✲✐♠♣❧✐❡❞ ■❊ ❢♦r ❡❛❝❤ ❊✉r♦♣❡❛♥ ❝♦✉♥tr②✳ ❚❤❡ ✸✲②❡❛r ■❊ ✐s t❤❡ r❡❞ ❧✐♥❡
❛♥❞ t❤❡ ✺✲②❡❛r ■❊ ✐s ❞❛s❤❡❞ ❜❧✉❡✳
▼❚❙❴❡①♣✐♥❢
❋✐❣✉r❡ ✺ ♦❜s❡r✈❡s ❛ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❡①♣❡❝t❡❞ ✐♥✢❛t✐♦♥ ❢♦r t❤❡ ❯✳❑✳✱ ✇❤✐❝❤ ✐s ❛❧s♦ s❡❡♠✐♥❣❧②
♣r❡s❡♥t ✐♥ t❤❡ ♦t❤❡r ❝♦✉♥tr✐❡s✳ ❚♦ ✐❧❧✉str❛t❡s t❤❡ s✐♠✐❧❛r tr❡♥❞ ❛♠♦♥❣ t❤❡ ✜✈❡ ❊✉r♦♣❡❛♥
❝♦✉♥tr✐❡s✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦✉♥tr②✲s♣❡❝✐✜❝ t❤r❡❡✲②❡❛r ■❊ ✐♥ ❋✐❣✉r❡ ✻ t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ st✉❞② ♦❢ t❤❡ s✐♠✐❧❛r✐t② ❛♥❞ ❞✐✛❡r❡♥❝❡ ❛♠♦♥❣ t❤❡s❡ ✜✈❡ ❝♦✉♥tr✐❡s✳ ❇❡❝❛✉s❡ t❤❡
♠♦❞❡❧✲✐♠♣❧✐❡❞ ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥ ✐s ♦♥ t❤❡ t❤r❡❡✲②❡❛r ❜❛s✐s✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❡①✐st✐♥❣ ❜❡✲
t✇❡❡♥ t❤❡ r❡❛❧✐③❡❞ ✐♥✢❛t✐♦♥ ❧❡✈❡❧ ✐s ✉♥❞❡rst❛♥❞❛❜❧❡✳ ❲❡ st✐❧❧ ✜♥❞ t❤❛t t❤❡ ❡st✐♠❛t❡❞ ■❊s
✷✶
✉s✐♥❣ t❤❡ ♠✉❧t✐♣❧❡ ❆❋◆❙ ♠♦❞❡❧ s❤♦✇ s✐♠✐❧❛r tr❡♥❞s ❛s t❤❡ r❡❛❧✐③❡❞ ❧❡✈❡❧s✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ r❡❛❧✐③❡❞ ✐♥✢❛t✐♦♥ ❧❡✈❡❧ ♦❢ ❙✇❡❞❡♥ ❤❛s t✇♦ ✢✉❝t✉❛t✐♦♥s ✐♥ ♠❛❣♥✐t✉❞❡ ❛r♦✉♥❞ t❤❡ s❡❝♦♥❞
❤❛❧❢ ♦❢ t❤❡ ②❡❛rs ✷✵✵✽ ❛♥❞ ✷✵✶✶✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ✜♥❞✐♥❣✳
Time
In
fla
tio
n 
ex
pe
ct
at
io
n
2008 2010 2012 2014
−
1
0
1
2
3
4
❋✐❣✉r❡ ✻✿ ▼♦❞❡❧✲✐♠♣❧✐❡❞ ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥ ❢♦r ❞✐✛❡r❡♥t ❝♦✉♥tr✐❡s ✲ ❯✳❑✳✭r❡❞ ❞♦tt❡❞
❧✐♥❡✮✱ ●❡r♠❛♥②✭❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡✮✱ ❋r❛♥❝❡✭❜❧❛❝❦ ❧✐♥❡✮✱ ■t❛❧②✭❣r❡❡♥ ❞♦t✲❞❛s❤❡❞ ❧✐♥❡✮ ❛♥❞
❙✇❡❞❡♥✭❣r❡② ❧✐♥❡✮
▼❚❙❴❡①♣✐♥❢
✹✳✹ ❈♦♠♠♦♥ ■♥✢❛t✐♦♥ ❋❛❝t♦r
❇❛s❡❞ ♦♥ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r♦♣♦s❡❞ ✐♥ s❡❝t✐♦♥ ✸✱ ✇❡ ❝❛♥ ❜✉✐❧t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❛♠♦♥❣
✐❞✐♦s②♥❝r❛t✐❝ ❝♦✉♥tr✐❡s t♦ ✜♥❞ ♦✉t t❤❡ s✐♠✐❧❛r✐t✐❡s ❛♥❞ ❞✐✛❡r❡♥❝❡s ❢♦r t❤❡ ♠♦❞❡❧✲✐♠♣❧✐❡❞
■❊s✳ ❚❤❡ ❝♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r ✐s ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❥♦✐♥t t✐♠❡✲✈❛r②✐♥❣ str✉❝t✉r❡ ♦❢
■❊ ❞②♥❛♠✐❝s ❛♥❞ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✼✳ ❚♦ ❜❡ ♠♦r❡ s♣❡❝✐✜❝✱ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ❢♦r
t❤❡ ❥♦✐♥t ♠♦❞❡❧❧✐♥❣ ♦❢ ■❊ ❞②♥❛♠✐❝s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❚❛❜❧❡ ✸✳
❲❡ ❝♦♥❞✉❝t ❛ ✈❛r✐❛♥❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥ t♦ s♣❧✐t t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ ♠♦❞❡❧✲✐♠♣❧✐❡❞ ■❊ ✐♥t♦ ♣❛rts
❞r✐✈❡♥ ❜② t❤❡ ❡st✐♠❛t❡❞ ❝♦♠♠♦♥ ❢❛❝t♦r ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞✐♦s②♥❝r❛t✐❝ ❢❛❝t♦r✳ ❚❤❡
✷✷
2008 2010 2012 2014
−
1
0
1
2
3
4
❋✐❣✉r❡ ✼✿ ❈♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r ✐♥ t❤❡ r❡❞✳ ❚❤❡ ❣r❡② ❧✐♥❡s ❛r❡ t❤❡ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ■❊s✳
❚❤❡ ♣r❡❞✐❝t❡❞ Πt ✐s t❤❡ r❡❞ ❧✐♥❡ ❛♥❞ t❤❡ ✜❧t❡r❡❞ Πt ✐s t❤❡ ❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡✳
▼❚❙❴❝♦♠❡①♣✐♥❢
❈♦✉♥tr②✲s♣❡❝✐✜❝ ❡q✉❛t✐♦♥s
❯❑ pie1t(τ) = 0.166 + 0.576Πt
❋r❛♥❝❡ pie2t(τ) = −0.022 + 0.665Πt
■t❛❧② pie3t(τ) = −0.347 + 0.822Πt
❙✇❡❞❡♥ pie4t(τ) = −0.057 + 0.665Πt
●❡r♠❛♥② pie5t(τ) = 0.008 + 0.644Πt
❈♦♠♠♦♥ ❊✛❡❝t ❡q✉❛t✐♦♥
Πt = 0.588 + 0.651Πt−1
❚❛❜❧❡ ✸✿ ❊st✐♠❛t❡s ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ ■❊✳
✷✸
❯✳❑✳ ❋r❛♥❝❡ ■t❛❧② ❙✇❡❞❡♥ ●❡r♠❛♥②
❈♦♠♠♦♥ ❡✛❡❝t ✷✹✳✾✶ ✸✵✳✻✻ ✹✵✳✸✷ ✸✵✳✻✺ ✷✾✳✸✷
❈♦✉♥tr②✲s♣❡❝✐✜❝ ❡✛❡❝t ✻✾✳✸✹ ✺✵✳✻✾ ✻✾✳✸✺ ✺✽✳✺✵ ✼✵✳✻✽
❚❛❜❧❡ ✹✿ ❱❛r✐❛t✐♦♥s ❡①♣❧❛✐♥❡❞ ✐♥ ♣❡r❝❡♥t❛❣❡
✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ✐s ❧✐st❡❞✱
Var(pieit) = β
2
i Var (Πt) + Var (µit) ✭✷✵✮
❚❤❡ ✈❛r✐❛t✐♦♥s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❝♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❚❛❜❧❡ ✹✳ ❚❤❡
❝♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r ❡①♣❧❛✐♥s t❤❡ ❧❡❛st ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❯✳❑✳✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞
❜② t❤❡ ❯✳❑✳ ❜❡✐♥❣ ♦✉ts✐❞❡ t❤❡ ❡✉r♦✲③♦♥❡ ❛♥❞ ❤❛✈✐♥❣ ✐ts ♦✇♥ ❝✉rr❡♥❝②✱ t❤❡r❡❢♦r❡ ❜❡✐♥❣
✐♥❞❡♣❡♥❞❡♥t ♦❢ ❊✉r♦♣❡❛♥ ❝❡♥tr❛❧ ❜❛♥❦ ❛♥❞ ♠♦♥❡t❛r② ♣♦❧✐❝②✳ ❊✈❡♥ t❤♦✉❣❤ ❙✇❡❞❡♥ ✐s
❛❧s♦ ♦✉ts✐❞❡ t❤❡ ❡✉r♦✲③♦♥❡✱ ✇❡ ✜♥❞ ♦✉t ✐t ❤❛s ❝❧♦s❡r r❡❧❛t✐♦♥s❤✐♣s ✇✐t❤ ♦t❤❡r ❊✉r♦♣❡❛♥
❝♦✉♥tr✐❡s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❯✳❑✳✳ ❚❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣ ❝♦✉♥tr✐❡s ❝❛♥
❛❧s♦ ❜❡ ♦❜s❡r✈❡❞ t❤r♦✉❣❤ t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts✳
❚♦ ✐❧❧✉str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❥♦✐♥t ♠♦❞❡❧❧✐♥❣ ♦❢ ❝♦✉♥tr②✲s♣❡❝✐✜❝ ■❊s✱ t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s
❛r❡ r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✽✳ ❚❤❡ s♠❛❧❧ s✐③❡ ♦❢ t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s r❡♣r❡s❡♥ts t❤❡ ♦✈❡r❛❧❧
❣♦♦❞ ✜t ♦❢ t❤❡ ❥♦✐♥t ♠♦❞❡❧❧✐♥❣ ♦❢ ■❊ ❞②♥❛♠✐❝s✳ ❍♦✇❡✈❡r t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s ❛r❡ r❡❧❛t✐✈❡❧②
❤✐❣❤✱ ❛r♦✉♥❞ ✷✵✶✷✱ ❞✉❡ t♦ t❤❡ ❊✉r♦♣❡❛♥ s♦✈❡r❡✐❣♥ ❞❡❜t ❝r✐s✐s ✐♥❝❧✉❞✐♥❣ ■t❛❧②✬s ❞❡❢❛✉❧t✳ ❚♦
❡r❛❞✐❝❛t❡ t❤✐s✱ ✇❡ tr② t♦ ✐♥❝♦r♣♦r❛t❡ ♦♥❡ ♠♦r❡ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❢❛❝t♦r✲ ❞❡❢❛✉❧t r✐s❦ ♣r♦①②
t♦ ✐♠♣r♦✈❡ t❤❡ ♠♦❞❡❧ ♣❡r❢♦r♠❛♥❝❡✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ♠❡t❤♦❞ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✭✶✽✮
❛♥❞ ✭✶✾✮ ♣r♦♣♦s❡❞ ✐♥ s❡❝t✐♦♥ ✸✱ ✇❡ ❛ss❡ss t❤❡ ❥♦✐♥t ♠♦❞❡❧ ♦❢ ■❊ ❞②♥❛♠✐❝s ❜② ❝❤❡❝❦✐♥❣ t❤❡
♠♦❞❡❧ r❡s✐❞✉❛❧s ✐♥ ❋✐❣✉r❡ ✶✵ ❛♥❞ t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✻✳
❚❤❡ ❞❛t❛ ✇❡ ✐♠♣❧❡♠❡♥t ✐s t❤❡ t❤r❡❡✲②❡❛r ❈❉❙ ♦❢ ■t❛❧②✱ t❤❡ ❡①tr❛❝t❡❞ ❝♦♠♠♦♥ ✐♥✢❛t✐♦♥
❢❛❝t♦r ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❥♦✐♥t ♠♦❞❡❧ ♦❢ ■❊ ❞②♥❛♠✐❝s ✇✐t❤ ❞❡❢❛✉❧t ♣r♦①② ✐s ♣r❡s❡♥t❡❞ ✐♥
❋✐❣✉r❡ ✾✱ ❛♥❞ s✉❝❝❡ss❢✉❧❧② ❝❛♣t✉r❡s t❤❡ ❞❡❝r❡❛s❡ ♦❢ ■❊ ❝❛✉s❡❞ ❜② t❤❡ s✉❜♣r✐♠❡ ❝r✐s✐s✳ ❚❤❡
❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❥♦✐♥t ♠♦❞❡❧❧✐♥❣ ♦❢ ✐♥✢❛t✐♦♥ ❞②♥❛♠✐❝s ✇✐t❤ ♠❛❝r♦❡❝♦♥♦♠✐❝
❢❛❝t♦rs ✲ ❞❡❢❛✉❧t ♣r♦①② ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✺✳
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❋✐❣✉r❡ ✽✿ ▼♦❞❡❧ r❡s✐❞✉❛❧ ❢♦r ♠♦❞❡❧❧✐♥❣ ♦❢ ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥ ❞②♥❛♠✐❝s ♦✈❡r ❞✐✛❡r❡♥t
❝♦✉♥tr✐❡s ✲ ❯✳❑✳✭r❡❞ ❧✐♥❡✮✱ ●❡r♠❛♥②✭❣r❡② ❧✐♥❡✮✱ ❋r❛♥❝❡✭❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡✮✱ ■t❛❧②✭❜❧❛❝❦ ❞♦t✲
t❡❞✮ ❛♥❞ ❙✇❡❞❡♥✭❣r❡❡♥ ❞♦t✲❞❛s❤❡❞✮✳
▼❚❙❴❝♦♠❡①♣✐♥❢
❈♦✉♥tr②✲s♣❡❝✐✜❝ ❡q✉❛t✐♦♥s
❯❑ pie1t(τ) = −0.358dt + 0.798Πt
❋r❛♥❝❡ pie2t(τ) = 0.085dt + 0.714Πt
■t❛❧② pie3t(τ) = 1.078dt + 0.531Πt
❙✇❡❞❡♥ pie4t(τ) = −0.621dt + 0.805Πt
●❡r♠❛♥② pie5t(τ) = 0.045dt + 0.700Πt
❈♦♠♠♦♥ ❊✛❡❝t ❡q✉❛t✐♦♥
Πt = 0.382 + 0.976Πt−1
❚❛❜❧❡ ✺✿ ❊st✐♠❛t❡s ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ ■❊✳
✷✺
2008 2010 2012 2014
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4
❋✐❣✉r❡ ✾✿ ❈♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r ✇✐t❤ ❞❡❢❛✉❧t ♣r♦①②✳ ❚❤❡ ♣r❡❞✐❝t❡❞ ❡st✐♠❛t✐♦♥ ♦❢ ❝♦♠✲
♠♦♥ ❢❛❝t♦r Πt ✐s t❤❡ r❡❞ ❧✐♥❡ ❛♥❞ t❤❡ ✜❧t❡r❡❞ Πt ✐s t❤❡ ❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡✳
▼❚❙❴❝♦♠❡①♣✐♥❢❴❝❞s
❯✳❑✳ ❋r❛♥❝❡ ■t❛❧② ❙✇❡❞❡♥ ●❡r♠❛♥②
❈♦♠♠♦♥ ❡✛❡❝t ✸✻✳✵✽ ✸✸✳✺✾ ✶✶✳✺✹ ✸✶✳✽✼ ✸✷✳✽✹
❈♦✉♥tr②✲s♣❡❝✐✜❝ ❡✛❡❝t ✺✻✳✻✻ ✻✺✳✽✽ ✹✵✳✾✷ ✹✾✳✶✼ ✻✼✳✵✷
❉❡❢❛✉❧t r✐s❦ ❡✛❡❝t ✼✳✷✻ ✵✳✺✸ ✹✼✳✺✺ ✶✽✳✾✻ ✵✳✶✹
❚❛❜❧❡ ✻✿ ❱❛r✐❛t✐♦♥s ❡①♣❧❛✐♥❡❞ ✐♥ ♣❡r❝❡♥t❛❣❡
❲❡ ❛❧s♦ ❝♦♥❞✉❝t ❛ ✈❛r✐❛♥❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥ t♦ s♣❧✐t t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ ♠♦❞❡❧✲✐♠♣❧✐❡❞ ■❊ ✐♥t♦
♣❛rts ❞r✐✈❡♥ ❜② t❤❡ ❡st✐♠❛t❡❞ ❝♦♠♠♦♥ ❢❛❝t♦r Πt ❛♥❞ t❤❡ ❞❡❢❛✉❧t ♣r♦①② dt✳ ❚❤❡ ✈❛r✐❛t✐♦♥s
❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❝♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r ❛♥❞ ❞❡❢❛✉❧t ❢❛❝t♦r ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✻✳ ❚❤❡
❞❡❢❛✉❧t ❢❛❝t♦r ❡①♣❧❛✐♥s t❤❡ ♠♦st ✈❛r✐❛t✐♦♥ ✐♥ ■t❛❧② ❛♥❞ ❧❡❛st ✈❛r✐❛t✐♦♥ ✐♥ ●❡r♠❛♥②✱ ✇❤✐❝❤
❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❡❝♦♥♦♠② ❜❡❝❛✉s❡ ●❡r♠❛♥② ✐s ❣❡♥❡r❛❧❧② ❝♦♥s✐❞❡r❡❞
t♦ ❜❡ t❤❡ ❜❡♥❝❤♠❛r❦ ✐♥ t❤❡ ❊✉r♦♣❡❛♥ ✜♥❛♥❝✐❛❧ s②st❡♠✳ ■t ✐s ❣❡♥❡r❛❧❧② ❦♥♦✇♥ t❤❛t t❤❡
❊✉r♦♣❡❛♥ s♦✈❡r❡✐❣♥ ❞❡❜t ❝r✐s✐s ✐♥❝❧✉❞✐♥❣ ■t❛❧②✬s ❞❡❢❛✉❧t ❤❛♣♣❡♥❡❞ ❛r♦✉♥❞ ✷✵✶✷✱ t❤❡ 47.55%
✈❛r✐❛t✐♦♥ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❞❡❢❛✉❧t ❢❛❝t♦r ❢♦r ■t❛❧② ✐s ✉♥❞❡rst❛♥❞❛❜❧❡✳
❚❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✵ t♦ ✐❧❧✉str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❥♦✐♥t
♠♦❞❡❧ ♦❢ ■❊ ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞❡❢❛✉❧t ❢❛❝t♦r✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ♠♦❞❡❧ r❡s✐❞✉❛❧s ✇✐t❤ ❛
✷✻
❞❡❢❛✉❧t ❢❛❝t♦r r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ❝♦♠♣❛r❡❞ ✇✐t❤ ❋✐❣✉r❡ ✽✱ ✇❡ ❞✐s❝♦✈❡r t❤❛t t❤❡ ❡①tr❛❝t❡❞
❝♦♠♠♦♥ tr❡♥❞ ❢♦r ■❊ ✐s ❛♥ ✐♠♣♦rt❛♥t ❞r✐✈❡r ❢♦r ❡❛❝❤ ❝♦✉♥tr② ♦❢ ✐♥t❡r❡st✳ ❚❛❜❧❡ ✻ r❡♣♦rts
t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❝♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r ❛❝❝♦✉♥ts ❢♦r ♠♦r❡ t❤❛♥ 30%
♦❢ ❛❧♠♦st ❛❧❧ t❤❡ s❛♠♣❧❡ ❝♦✉♥tr✐❡s✳
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❋✐❣✉r❡ ✶✵✿ ▼♦❞❡❧ r❡s✐❞✉❛❧ ❢♦r ♠♦❞❡❧❧✐♥❣ ♦❢ ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥ ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞❡❢❛✉❧t
♣r♦①② ❢❛❝t♦r ♦✈❡r ❞✐✛❡r❡♥t ❝♦✉♥tr✐❡s ✲ ❯✳❑✳✭r❡❞ ❧✐♥❡✮✱ ●❡r♠❛♥②✭❣r❡② ❧✐♥❡✮✱ ❋r❛♥❝❡✭❜❧✉❡
❞❛s❤❡❞ ❧✐♥❡✮✱ ■t❛❧②✭❜❧❛❝❦ ❞♦tt❡❞✮ ❛♥❞ ❙✇❡❞❡♥✭❣r❡❡♥ ❞♦t✲❞❛s❤❡❞✮✳
▼❚❙❴❝♦♠❡①♣✐♥❢❴❝❞s
✹✳✺ ❋♦r❡❝❛st
❍❛✈✐♥❣ ♦❜t❛✐♥❡❞ t❤❡ ❡st✐♠❛t✐♦♥ ❢r♦♠ t❤❡ ❥♦✐♥t ♠♦❞❡❧ ♦❢ ■❊ ❞②♥❛♠✐❝s✱ ✇❡ ❝♦♥t✐♥✉❡ ✐♥ t❤✐s
s❡❝t✐♦♥ ❜② ❢♦r❡❝❛st✐♥❣ t❤❡ ❝♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r✳ ❋✐❣✉r❡ ✶✶ ❞✐s♣❧❛②s ❛ ❢♦r❡❝❛st ✭✐♥ ❜❧✉❡✮
❝♦♥t❛✐♥✐♥❣ ✸✵ ♦❜s❡r✈❛t✐♦♥s✱ t❤❛t ✐s✱ ❛ t✇♦ ❛♥❞ ❛ ❤❛❧❢ ②❡❛r ♣r❡❞✐❝t✐♦♥✳ ❚❤❡ ♣r❡❞✐❝t❡❞ ❧✐♥❡❛r
♠♦❞❡❧ ✇❡ ✉s❡ ✐♥✈♦❧✈❡s tr❡♥❞ ❛♥❞ s❡❛s♦♥❛❧✐t② ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❛r❡
♣r❡s❡♥t❡❞ ❣r❛♣❤✐❝❛❧❧② ❛♥❞ ❛r❡ s❤♦✇♥ ❛t ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧s ♦❢ 80% ❛♥❞ 95%✳
❋✐❣✉r❡ ✶✷ ❝❧❡❛r❧② s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡ ❛♠♦♥❣ ❞✐✛❡r❡♥t ♠❡❛s✉r❡s ♦❢ ✐♥✢❛t✐♦♥✳ ❚❤❡ r❡❛❧✲t✐♠❡
❛♣♣r♦❛❝❤ t♦ ♠❡❛s✉r❡ ■❊ ♣r♦♣♦s❡❞ ♣r❡✈✐♦✉s❧② ♣❡r❢♦r♠s ❜❡tt❡r t❤❛♥ t❤❡ ♦t❤❡r ♠❡❛s✉r❡s✳
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❋✐❣✉r❡ ✶✶✿ ❚❤❡ ❢♦r❡❝❛st ♦❢ ❝♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❥♦✐♥t ♠♦❞❡❧ ♦❢ ■❊
❞②♥❛♠✐❝s ✇✐t❤ ❞❡❢❛✉❧t ❢❛❝t♦r✳ ❚❤❡ 80% ❛♥❞ 95% ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❛r❡ ♠❛r❦❡❞ ✐♥ t❤❡
s❤❛❞❡❞ ❛r❡❛✳
❆ s✐♠✐❧❛r ❝♦✲♠♦✈❡♠❡♥t ✐s s❡❡♠✐♥❣❧② ♣r❡s❡♥t ❜❡t✇❡❡♥ t❤❡ r❡❛❧✐③❡❞ ✐♥✢❛t✐♦♥ ❧❡✈❡❧ ❛♥❞ t❤❡
t❤r❡❡✲②❡❛r ■❊ ❡st✐♠❛t❡❞ ❞❡r✐✈❡❞ ❢r♦♠ ♦✉r ♠♦❞❡❧✳ ❚❤❡ ✶ ②❡❛r ❛♥❞ ✷ ②❡❛r ❙P❋ ✭❙✉r✈❡②
Pr♦❢❡ss✐♦♥❛❧ ❋♦r❡❝❛st✮ ❞❛t❛ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✶✷ ✈❛r② s❧✐❣❤t❧② ♦✈❡r t✐♠❡ t❤❡r❡❢♦r❡ ❝♦♥t❛✐♥s
❧✐♠✐t❡❞ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳
✺ ❈♦♥❝❧✉s✐♦♥
❚❤✐s st✉❞② ❛tt❡♠♣ts t♦ ♣r♦✈✐❞❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♠❡❛s✉r❡ ♦❢ ■❊ ♦♥ t❤❡ ❜❛s✐s ♦❢ ✜♥❛♥❝✐❛❧ ♠❛r✲
❦❡ts✳ ❲❡ ✜rst❧② ❝♦♥str✉❝t ❛♥ ❆❋◆❙ ♠♦❞❡❧ ✐♥ ♠✉❧t✐✲♠❛t✉r✐t② t❡r♠ str✉❝t✉r❡ ♦❢ ♠♦❞❡❧❧✐♥❣
♥♦♠✐♥❛❧ ❛♥❞ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ ❜♦♥❞s s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s ♠✉❧t✐♣❧❡
②✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧❧✐♥❣ ✇❛s ❛ss❡ss❡❞ ❜② ❝♦♥❞✉❝t✐♥❣ ❑❛❧♠❛♥ ✜❧t❡r✐♥❣✱ ✇❤♦s❡ r❡❝✉rs✐♦♥ ✇❛s
❛ s❡t ♦❢ ❡q✉❛t✐♦♥s ❛❧❧♦✇✐♥❣ ❢♦r ❛♥ ❡st✐♠❛t♦r t♦ ❜❡ ✉♣❞❛t❡❞ ♦♥❝❡ ❛ ♥❡✇ ♦❜s❡r✈❛t✐♦♥ yt ✐s
❛✈❛✐❧❛❜❧❡✳ ❲❡ t❤❡♥ ❝♦♥❞✉❝t❡❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦❞❡❧✲✐♠♣❧✐❡❞ ❇❊■❘ ✐♥t♦ ♣❛rts ♦❢ ■❊✱
❝♦♥✈❡①✐t② ❡✛❡❝t ❛♥❞ ■❘P t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ❥♦✐♥t str✉❝t✉r❡ ♦❢ ■❊ ❞②♥❛♠✐❝s✳ ❚❤❡
✷✽
Time
2007 2008 2009 2010 2011 2012 2013 2014
0
1
2
3
4
❋✐❣✉r❡ ✶✷✿ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t ♠❡❛s✉r❡s ♦❢ ✐♥✢❛t✐♦♥ ✲ t❤❡ ♠♦❞❡❧✲✐♠♣❧✐❡❞ ❝♦♠♠♦♥
✐♥✢❛t✐♦♥ ❧❡✈❡❧ ✭✐♥ r❡❞ ❧✐♥❡✮✱ t❤❡ ♦❜s❡r✈❡❞ ✐♥✢❛t✐♦♥ ❧❡✈❡❧ ✭❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡✮✱ t❤❡ ✶ ②❡❛r ❙P❋
❢♦r❡❝❛st ❧❡✈❡❧ ♦❢ ✐♥✢❛t✐♦♥ ✭❜❧❛❝❦ ❞♦t✲❞❛s❤❡❞✮ ❛♥❞ t❤❡ ✷ ②❡❛r ❙P❋ ❢♦r❡❝❛st ✭✐♥ ❣r❡❡♥✮✳
❥♦✐♥t ♠♦❞❡❧s ♦❢ ■❊ ❞②♥❛♠✐❝s ✇✐t❤✱ ❛♥❞ ✇✐t❤♦✉t✱ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❢❛❝t♦rs ✐♥❞✐❝❛t❡❞ t❤❡ ❡①✲
tr❛❝t❡❞ ❝♦♠♠♦♥ ✐♥✢❛t✐♦♥ ❢❛❝t♦r ❛♥❞ ✇❛s ❛♥ ✐♠♣♦rt❛♥t ❞r✐✈❡r ❢♦r ❡❛❝❤ ❝♦✉♥tr② ♦❢ ✐♥t❡r❡st✳
▼♦r❡♦✈❡r✱ t❤❡ ♠♦❞❡❧ s❤♦✉❧❞ ❧❡❛❞ t♦ ❛ ❜❡tt❡r ❢♦r❡❝❛st ✐♥ ❜❡♥❝❤♠❛r❦ ❧❡✈❡❧s ♦❢ ✐♥✢❛t✐♦♥ ❛♥❞
❣✐✈❡ ❣♦♦❞ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳
✻ ❆♣♣❡♥❞✐①
❆ ❊st✐♠❛t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡ ②✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧❧✐♥❣
❚❤❡ ❛♥❛❧②s✐s st❛rts ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ②✐❡❧❞✲❛❞❥✉st♠❡♥t t❡r♠ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧
❆❋◆❙ ♠♦❞❡❧✳ ❉❡r✐✈❡❞ ✐♥ ❛♥ ❛♥❛❧②t✐❝❛❧ ❢♦r♠✱ t❤❡ ②✐❡❧❞✲❛❞❥✉st♠❡♥t t❡r♠
A(τ)
τ
✇✐t❤ τ
✷✾
♠♦♥t❤s t♦ ♠❛t✉r✐t② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✱
A(τ)
τ
= A¯
τ 2
6
+ B¯
{
1
2λ2
−
1
λ3
1− exp(−λτ)
τ
+
1
4λ3
1− exp(−2λτ)
τ
}
+ C¯
{
1
2λ2
+
1
λ2
exp(−λτ)−
1
4λ
τ exp(−2λτ)−
3
4λ2
exp(−2λτ)
}
+ C¯
{
−
2
λ3
1− exp(−λτ)
τ
+
5
8λ3
1− exp(−2λτ)
τ
}
+ D¯
{
1
2λ
τ +
1
λ2
exp(−λτ)−
1
λ3
1− exp(−λτ)
τ
}
+ E¯
{
3
λ2
exp(−λτ) +
1
2λ
τ +
1
λ
exp(−λτ)−
3
λ3
1− exp(−λτ)
τ
}
+ F¯
{
1
λ2
+
1
λ2
exp(−λτ)−
1
2λ2
exp(−2λτ)−
3
λ3
1− exp(−λτ)
τ
+
3
4λ3
1− exp(−2λτ)
τ
}
✭❆✳✶✮
✇❤❡r❡ t❤❡ s✐① t❡r♠s A¯✱ B¯✱ C¯✱ D¯✱ E¯ ❛♥❞ F¯ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❜② t❤❡ ✈♦❧❛t✐❧✐t② ♠❛tr✐① Σ
❞❡✜♥❡❞ ✐♥ t❤❡ ❞②♥❛♠✐❝s ❡q✉❛t✐♦♥ ✉♥❞❡r P✲♠❡❛s✉r❡✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛❞❥✉st♠❡♥t t❡r♠
✐s ❝♦♥st❛♥t ✐♥ t✐♠❡ t✱ ❜✉t ❞❡♣❡♥❞s ♦♥ t✐♠❡ t♦ ♠❛t✉r✐t② τ ✱ ❝♦❡✣❝✐❡♥t λ t❤❛t ❣♦✈❡r♥s t❤❡
♠❡❛♥ r❡✈❡rs✐♦♥ r❛t❡ ♦❢ s❧♦♣❡ ❛♥❞ ❝✉r✈❛t✉r❡ ❢❛❝t♦rs✱ ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ♣❛r❛♠❡t❡rs A¯✱ D¯
❛♥❞ F¯ ✳
❚❤❡ ❢♦✉r ❧❛t❡♥t ❢❛❝t♦rs ❞❡✜♥❡❞ ✐♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ X⊤it =
(
LNit , S
N
it , C
N
it , L
R
it
)
❡✈♦❧✈❡ ❞②✲
♥❛♠✐❝❛❧❧② ❛♥❞ ❤❡♥❝❡ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡✐r s❤♦❝❦s ❛❝❝♦r❞✐♥❣❧②✱


dLNit
dSNit
dCNit
dLRit


=


κ11 κ12 κ13 κ14
κ21 κ22 κ23 κ24
κ31 κ32 κ33 κ34
κ41 κ42 κ43 κ44




LNit
SNit
CNit
LRit


dt+ Σ


dWL
N
t
dW S
N
t
dWC
N
t
dWL
R
t


✭❆✳✷✮
✇❤❡r❡ WL
N
t ✱ W
SN
t ✱ W
CN
t ❛♥❞ W
LR
t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s✳
❲❡ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ ✭❆✳✷✮ ✉s✐♥❣ t❤❡ ❑❛❧♠❛♥ ✜❧t❡r t❡❝❤♥✐q✉❡✳ ❚❤❡ ❑❛❧♠❛♥ ✜❧t❡r
r❡❝✉rs✐♦♥ ✐s ❛ s❡t ♦❢ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ❛❧❧♦✇ ❢♦r ❛♥ ❡st✐♠❛t♦r t♦ ❜❡ ✉♣❞❛t❡❞ ♦♥❝❡ ❛ ♥❡✇ ♦❜✲
s❡r✈❛t✐♦♥ yt ❜❡❝♦♠❡s ❛✈❛✐❧❛❜❧❡✳ ■t ✜rst ❢♦r♠s ❛♥ ♦♣t✐♠❛❧ ♣r❡❞✐❝t♦r ♦❢ t❤❡ ✉♥♦❜s❡r✈❡❞ st❛t❡
✈❛r✐❛❜❧❡ ✈❡❝t♦r ❣✐✈❡♥ ✐ts ♣r❡✈✐♦✉s❧② ❡st✐♠❛t❡❞ ✈❛❧✉❡✳ ❚❤✐s ♣r❡❞✐❝t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ ✉♥♦❜s❡r✈❡❞ st❛t❡ ✈❛r✐❛❜❧❡s✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡❞ ✈❛❧✉❡s✳
❚❤❡s❡ ❡st✐♠❛t❡s ❢♦r ✉♥♦❜s❡r✈❡❞ st❛t❡ ✈❛r✐❛❜❧❡s ❛r❡ t❤❡♥ ✉♣❞❛t❡❞ ✉s✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥
✸✵
♣r♦✈✐❞❡❞ ❜② t❤❡ ♦❜s❡r✈❡❞ ✈❛r✐❛❜❧❡s✳
❇② r❡✇r✐t✐♥❣ t❤❡ ②✐❡❧❞ ❡q✉❛t✐♦♥ ✭✻✮ ♦❢ t❤❡ ❥♦✐♥t ❆❋◆❙ ♠♦❞❡❧ ✐♥ ♠✉❧t✐✲♠❛t✉r✐t② t❡r♠
str✉❝t✉r❡ ♣r♦♣♦s❡❞ ✐♥ s✉❜✲s❡❝t✐♦♥ ✷✳✸✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥t ❡q✉❛t✐♦♥ ❛s✱
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yRit (τn)
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= AXit +
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εRit(τn)
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−
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ANi (τ1)
τ1
ARi (τ1)
τ1
✳✳✳
ARi (τn)
τn


✭❆✳✸✮
❚❤❡ tr❛♥s✐t✐♦♥ ❡q✉❛t✐♦♥ ❞❡r✐✈❡❞ ❢r♦♠ ❈❤r✐st❡♥s❡♥ ❡t ❛❧✳ ✭✷✵✶✶✮ t❛❦❡s t❤❡ ❢♦r♠ ♦❢✱
Xi,t =
[
I − expm
(
−KP∆t
)]
θP + expm (−Kp∆t)Xi,t−1 + ηt ✭❆✳✹✮
✇❤❡r❡ expm ✐s ❛ ♠❛tr✐① ❡①♣♦♥❡♥t✐❛❧✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ❛♥❞ tr❛♥s✐t✐♦♥ ❡q✉❛t✐♦♥s ❛r❡
❛ss✉♠❡❞ t♦ ❤❛✈❡ t❤❡ ❡rr♦r str✉❝t✉r❡ ❛s✱

 ηt
εt

 = N



 0
0

 ,

 Q 0
0 H




✇❤❡r❡ ◗ ❤❛s ❛ s♣❡❝✐❛❧ str✉❝t✉r❡✱
Q =
∫ ∆t
0
e−K
P sΣΣ⊤e−(K
P )⊤sds
❋♦r ❡st✐♠❛t✐♦♥✱ t❤❡ tr❛♥s✐t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs ❛r❡ ❛ss✉♠❡❞ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡
✐♥✐t✐❛❧ st❛t❡✳ ❚❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ✜❧t❡r ✐s ❣✐✈❡♥ ❜② t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡
♦❢ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ X⊤t ✉♥❞❡r t❤❡ P ♠❡❛s✉r❡✱
X = θ
P
Σ =
∫
∞

e−K
P sΣΣ⊤e−(K
P )⊤sds
✸✶
✇❤✐❝❤ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♣r♦✈✐❞❡❞ ✐♥ ❋✐s❤❡r ❛♥❞ ●✐❧❧❡s ✭✶✾✾✻✮✳
❇ ❇❊■❘ ❉❡❝♦♠♣♦s✐t✐♦♥
■♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ♦❢ ❛♥ ❆❋ ♠♦❞❡❧✱ t❤❡r❡ ❛r❡ ♥♦ ♦♣♣♦rt✉♥✐t✐❡s t♦ ♠❛❦❡ r✐s❦✲❢r❡❡ ♣r♦✜ts✳
❇❛s❡❞ ♦♥ t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥ ❢r♦♠ ❈♦❝❤r❛♥❡ ✭✷✵✵✺✮✱ t❤❡ ❜♦♥❞ ❝❛♥ ❜❡ ♣r✐❝❡❞ ❜② t❤❡
❡q✉❛t✐♦♥✱
Pt = Et
{
β
u
′
(ct+1)
u
′(ct)
xt+1
}
✭❇✳✶✮
✇❤❡r❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❜♦♥❞ ct ❤❛s ❛ ♣❛②♦✛ xt+1✱ β ✐s t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r✳ ❲❡ ❜r❡❛❦ ✉♣
t❤❡ ❜❛s✐❝ ❝♦♥s✉♠♣t✐♦♥✲❜❛s❡❞ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥ ✭❇✳✶✮ ❛♥❞ ❣❡t t❤❡ st♦❝❤❛st✐❝ ❞✐s❝♦✉♥t ❢❛❝t♦r
✭❙❉❋✮ Mt+1 ❛t t✐♠❡ t+ 1✱
Mt+1 = β
u
′
(ct+1)
u
′(ct)
✭❇✳✷✮
❚♦ ❡st✐♠❛t❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ✐♥✢❛t✐♦♥ ✉s✐♥❣ t❤❡ st♦❝❤❛st✐❝ ❞✐s❝♦✉♥t ❢❛❝t♦r ✭❙❉❋✮Mt✳
❋✐rst❧② ✇❡ ✉s❡ t❤❡ ❚❛②❧♦r s❡r✐❡s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳ ❆ss✉♠✐♥❣
t❤❛t Mt✱ ✐♥ ❛ s❡♥s❡✱ s✐❣♥✐✜❝❛♥t ❢r♦♠ ✵✱ s♦ t❤❡ ②✐❡❧❞ ❢♦r ❛ ♥♦♠✐♥❛❧ ❜♦♥❞ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞
❛s ❢♦❧❧♦✇s✱
log
(
MNt+1M
N
t+2 · · ·M
N
t+τ
)
= log
{(
µM +M
N
t+1M
N
t+2 · · ·M
N
t+τ − µM
)}
✭❇✳✸✮
✇❤❡r❡
µM = Et
(
MNt+1M
N
t+2 · · ·M
N
t+τ
)
✭❇✳✹✮
❊①♣❛♥❞ ❡q✉❛t✐♦♥ ✭❇✳✸✮ ✉s✐♥❣ ❚❛②❧♦r s❡r✐❡s ❛♥❞ t❛❦❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♥ ❜♦t❤ s✐❞❡s✱
Et
(
logMNt+1M
N
t+2 · · ·M
N
t+τ
)
= log µM − Vart
(
logMNt+1M
N
t+2 · · ·M
N
t+τ
)
✭❇✳✺✮
❚❤❡r❡❢♦r❡✱
yNt (τ) = −
1
τ
log Et
(
MNt+1M
N
t+2 · · ·M
N
t+τ
)
= −
1
τ
Et
(
logMNt+1M
N
t+2 · · ·M
N
t+τ
)
−
1
2τ
Vart
(
logMNt+1M
N
t+2 · · ·M
N
t+τ
) ✭❇✳✻✮
✸✷
❙✐♠✐❧❛r s♦❧✉t✐♦♥ ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ ❜♦♥❞s ❜② t❤❡ s❛♠❡ ❧♦❣✐❝✳
❚♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✶✷✮✱ t❤❡ ✐♥st❛♥t❛♥❡♦✉s r✐s❦✲❢r❡❡ r❛t❡ rt ❛♥❞ t❤❡
r✐s❦ ♣r❡♠✐✉♠ Γt ❛r❡ ❣✐✈❡♥✱ ♠♦r❡ ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❈❤r✐st❡♥s❡♥ ❡t ❛❧✳ ✭✷✵✶✶✮ ❛♥❞
❈❤r✐st❡♥s❡♥ ❡t ❛❧✳ ✭✷✵✶✵✮✱
rt = ρ0(t) + ρ1(t)Xt ✭❇✳✼✮
Γt = γ0 + γ1Yt ✭❇✳✽✮
✇❤❡r❡ ρ0(t)✱ ρ1(t)✱ γ0 ❛♥❞ γ1 ❛r❡ ❜♦✉♥❞❡❞✱ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳ Xt ✐s t❤❡ st❛t❡ ✈❛r✐❛❜❧❡
❛♥❞ Yt ✐s t❤❡ r❡❛❧✐③❡❞ ♦❜s❡r✈❛t✐♦♥s✳
❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜②
pit(τ) = −
1
τ
log EPt
[
exp
{
−
∫ t+τ
t
(rNs − r
R
s )ds
}]
✭❇✳✾✮
✇❤✐❝❤ ❛r❡ t❤❡ s♦❧✉t✐♦♥s t♦ ❛ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✉s✐♥❣ t❤❡ ❢♦✉rt❤✲♦r❞❡r
❘✉♥❣❡ ❑✉tt❛ ♠❡t❤♦❞✳
❘❡❢❡r❡♥❝❡s
❆❞r✐❛♥✱ ❚✳ ❛♥❞ ❲✉✱ ❍✳ ❩✳ ✭✷✵✵✾✮✳ ❚❤❡ t❡r♠ str✉❝t✉r❡ ♦❢ ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥s✱ ❋❘❇ ♦❢
◆❡✇ ❨♦r❦ ❙t❛✛ ❘❡♣♦rt ✭✸✻✷✮✳
❇❛rr✱ ❉✳ ●✳ ❛♥❞ ❈❛♠♣❜❡❧❧✱ ❏✳ ❨✳ ✭✶✾✾✼✮✳ ■♥✢❛t✐♦♥✱ r❡❛❧ ✐♥t❡r❡st r❛t❡s✱ ❛♥❞ t❤❡ ❜♦♥❞
♠❛r❦❡t✿ ❆ st✉❞② ♦❢ ✉❦ ♥♦♠✐♥❛❧ ❛♥❞ ✐♥❞❡①✲❧✐♥❦❡❞ ❣♦✈❡r♥♠❡♥t ❜♦♥❞ ♣r✐❝❡s✱ ❏♦✉r♥❛❧
♦❢ ▼♦♥❡t❛r② ❊❝♦♥♦♠✐❝s ✸✾✭✸✮✿ ✸✻✶✕✸✽✸✳
❇❥♦r❦✱ ❚✳ ❛♥❞ ❈❤r✐st❡♥s❡♥✱ ❇✳ ❏✳ ✭✶✾✾✾✮✳ ■♥t❡r❡st r❛t❡ ❞②♥❛♠✐❝s ❛♥❞ ❝♦♥s✐st❡♥t ❢♦r✇❛r❞
r❛t❡ ❝✉r✈❡s✱ ▼❛t❤❡♠❛t✐❝❛❧ ❋✐♥❛♥❝❡ ✾✿ ✸✷✸✕✸✹✽✳
❈❛♠♣❜❡❧❧✱ ❏✳ ❛♥❞ ❱✐❝❡✐r❛✱ ▲✳ ✭✷✵✵✾✮✳ ❯♥❞❡rst❛♥❞✐♥❣ ✐♥✢❛t✐♦♥✲✐♥❞❡①❡❞ ❜♦♥❞ ♠❛r❦❡ts✱
❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✳
✸✸
❈❤r✐st❡♥s❡♥✱ ❏✳ ❍✳✱ ❉✐❡❜♦❧❞✱ ❋✳ ❳✳ ❛♥❞ ❘✉❞❡❜✉s❝❤✱ ●✳ ❉✳ ✭✷✵✶✶✮✳ ❚❤❡ ❛✣♥❡ ❛r❜✐tr❛❣❡✲❢r❡❡
❝❧❛ss ♦❢ ♥❡❧s♦♥✕s✐❡❣❡❧ t❡r♠ str✉❝t✉r❡ ♠♦❞❡❧s✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✻✹✭✶✮✿ ✹✕✷✵✳
❈❤r✐st❡♥s❡♥✱ ❏✳ ❍✳✱ ▲♦♣❡③✱ ❏✳ ❆✳ ❛♥❞ ❘✉❞❡❜✉s❝❤✱ ●✳ ❉✳ ✭✷✵✶✵✮✳ ■♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥s ❛♥❞
r✐s❦ ♣r❡♠✐✉♠s ✐♥ ❛♥ ❛r❜✐tr❛❣❡✲❢r❡❡ ♠♦❞❡❧ ♦❢ ♥♦♠✐♥❛❧ ❛♥❞ r❡❛❧ ❜♦♥❞ ②✐❡❧❞s✱ ❏♦✉r♥❛❧
♦❢ ▼♦♥❡②✱ ❈r❡❞✐t ❛♥❞ ❇❛♥❦✐♥❣ ✹✷✭✶✮✿ ✶✹✸✕✶✼✽✳
❈♦❝❤r❛♥❡✱ ❏✳ ❍✳ ✭✷✵✵✺✮✳ ❆ss❡t ♣r✐❝✐♥❣✱ ❱♦❧✳ ✶✱ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss Pr✐♥❝❡t♦♥✱ ◆❏✳
❉✐❡❜♦❧❞✱ ❋✳ ❳✳ ❛♥❞ ▲✐✱ ❈✳ ✭✷✵✵✻✮✳ ❋♦r❡❝❛st✐♥❣ t❤❡ t❡r♠ str✉❝t✉r❡ ♦❢ ❣♦✈❡r♥♠❡♥t ❜♦♥❞
②✐❡❧❞s✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✸✵✭✷✮✿ ✸✸✼✕✸✻✹✳
❉✐❡❜♦❧❞✱ ❋✳ ❳✳✱ ▲✐✱ ❈✳ ❛♥❞ ❨✉❡✱ ❱✳ ❩✳ ✭✷✵✵✽✮✳ ●❧♦❜❛❧ ②✐❡❧❞ ❝✉r✈❡ ❞②♥❛♠✐❝s ❛♥❞ ✐♥t❡r❛❝t✐♦♥s✿
❛ ❞②♥❛♠✐❝ ♥❡❧s♦♥✕s✐❡❣❡❧ ❛♣♣r♦❛❝❤✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✹✻✭✷✮✿ ✸✺✶✕✸✻✸✳
❉✐❡❜♦❧❞✱ ❋✳ ❳✳✱ ❘✉❞❡❜✉s❝❤✱ ●✳ ❉✳ ❛♥❞ ❆r✉♦❜❛✱ ❙✳ ❇✳ ✭✷✵✵✻✮✳ ❚❤❡ ♠❛❝r♦❡❝♦♥♦♠② ❛♥❞ t❤❡
②✐❡❧❞ ❝✉r✈❡✿ ❛ ❞②♥❛♠✐❝ ❧❛t❡♥t ❢❛❝t♦r ❛♣♣r♦❛❝❤✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✸✶✭✶✮✿ ✸✵✾✕
✸✸✽✳
❋✐s❤❡r✱ ▼✳ ❛♥❞ ●✐❧❧❡s✱ ❈✳ ✭✶✾✾✻✮✳ ❚❡r♠ ♣r❡♠✐❛ ✐♥ ❡①♣♦♥❡♥t✐❛❧✲❛✣♥❡ ♠♦❞❡❧s ♦❢ t❤❡ t❡r♠
str✉❝t✉r❡✱ ▼❛♥✉s❝r✐♣t✱ ❇♦❛r❞ ♦❢ ●♦✈❡r♥♦rs ♦❢ t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❙②st❡♠ ✳
❍är❞❧❡✱ ❲✳ ❑✳ ❛♥❞ ▼❛❥❡r✱ P✳ ✭✷✵✶✹✮✳ ❨✐❡❧❞ ❝✉r✈❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❢♦r❡❝❛st✐♥❣ ✉s✐♥❣ s❡♠✐♣❛r❛✲
♠❡tr✐❝ ❢❛❝t♦r ❞②♥❛♠✐❝s✱ ❚❤❡ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✭❛❤❡❛❞✲♦❢✲♣r✐♥t✮✿ ✶✕✷✶✳
❏♦②❝❡✱ ▼✳ ❆✳✱ ▲✐❧❞❤♦❧❞t✱ P✳ ❛♥❞ ❙♦r❡♥s❡♥✱ ❙✳ ✭✷✵✶✵✮✳ ❊①tr❛❝t✐♥❣ ✐♥✢❛t✐♦♥ ❡①♣❡❝t❛t✐♦♥s ❛♥❞
✐♥✢❛t✐♦♥ r✐s❦ ♣r❡♠✐❛ ❢r♦♠ t❤❡ t❡r♠ str✉❝t✉r❡✿ ❛ ❥♦✐♥t ♠♦❞❡❧ ♦❢ t❤❡ ✉❦ ♥♦♠✐♥❛❧ ❛♥❞
r❡❛❧ ②✐❡❧❞ ❝✉r✈❡s✱ ❏♦✉r♥❛❧ ♦❢ ❇❛♥❦✐♥❣ ✫ ❋✐♥❛♥❝❡ ✸✹✭✷✮✿ ✷✽✶✕✷✾✹✳
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